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CHAPTER 12
METHOD OF SLOPE-DEFLECTION EQUATIONS

A method of slope-deflection equations is a classical displacement method commonly used in the
analysis of statically indeterminate, flexure-dominating structures such as beams and plane frames.
In this method, rotations at all nodes and relative transverse displacements between two ends of all
members (resulting from the discretization of continuous to discrete structure) termed sway
displacements are chosen as primary unknowns. For each member, the bending moments at both
ends can be expressed in terms of the end rotations and the sway displacement of that member.
These two key equations are known as the slope-deflection equations. A complete set of equations
governing all primary unknowns of the structure can readily be obtained by combining these slope-
deflection equations via the enforcement of moment equilibrium at all nodes and force equilibrium
associated with the sway displacements. This set of linear algebraic equations is then solved to
obtain the rotation at all nodes and the sway displacements. The end moments can subsequently be
computed from the slope-deflection equations of each member and all other static quantities (e.g.
shear forces, axial forces, and support reactions) can readily be obtained from static equilibrium.
The method of slope-deflection equations established further below is based upon following
key assumptions: (i) the structure consists of a collection of straight and prismatic skeletons or
members; (ii) all members are made of a homogeneous, isotropic, linearly elastic material; (iii) the
deformation (i.e. curvature) is related to the displacement via the linearized (or infinitesimal)
kinematics; (iv) the shear deformation is neglected (i.e. the plane section always remains plane and
normal to the neutral axis before and after undergoing deformation); (v) the member is inextensible
(i.e. the axial deformation of the neutral axial is ignored); and (vi) equilibrium equations are formed
based on the geometry of an undeformed configuration of the structure. Following sections present
the derivation of the slope-deflection equations, forms of these equations for certain special cases,
computation of fixed-end moments, applications of the slope-deflection equations in the analysis of
various beam and frame structures, and the treatment of symmetry and anti-symmetry of structures.

12.1 Derivation of Slope-deflection Equations

In this section, we present the derivation of the slope-deflection equations of a single straight
member. Three basic components for structural mechanics (i.e. static equilibriums, kinematics, and
constitutive relations) are utilized along with assumptions described above to obtain such equations.

Consider a straight, prismatic member AB of length L and moment of inertia I as shown
schematically in Figure 12.1. This member is made of a homogeneous, isotropic, linearly elastic
material of Young’s modulus E. For convenience and brevity of references in the development
carried out further below, let us define a local coordinate system {x, y, z} for this particular member
such that its origin locates at point A, the x-axis directs along the member, and the y-axis is oriented
such that the z-axis direct outward from the paper.

The member AB is subjected to arbitrary member loads as shown in Figure 12.1. The axial
forces, the shear forces, and the bending moments at end A and end B are denoted by {Nag, Vas,
MAB} and {NBA, Vsa, MBA}, respectively. It is should be noted that {NAB, Vag, Mag, Nga, Via,
Mg, !} are not all independent but they are related to the member loads via three independent static
equilibrium equations; for instance, if {Ma, Mg} are known, {V4, Vg} can readily be computed
from force equilibrium in the y-direction and moment equilibrium in the z-direction and if one of
{Na, Np} is known, the other can be computed from force equilibrium in the x-direction. Note that
in the development presented further below the positive sign convention of the end forces and end
moments follows the local coordinate system {x, y, z}. Resulting from applied loads, the member
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AB displaces to a new configuration called the deformed configuration as shown in Figure 12.1.
The displacement in a longitudinal direction (x-direction), the displacement in a transverse direction
(y-direction), and the rotation (in z-direction) at any point x are denoted by u(x), v(x), and 6(x),
respectively. In addition, we define u(0) = uu, v(0) = va, 6(0) = 04 and u(L) = ug, v(L) = vg, (L) =
O3 as the displacements and rotations at the end A and end B, respectively.

y
A 05!
AAB (I)A _,,—""“/;I;B
A ug
VA I -
<)\ r‘\
NABM A§> Vg Member loads Via M; Nga *
BA
4 . L
——Mpa
BMD

~Mag

Figure 12.1 Schematic of undeformed and deformed configurations of straight member AB and the
corresponding bending moment diagram

The bending moment at any point X, denoted by M(x), can be obtained from static equilibrium
(along with the assumption (vi)) and the result is given by

M(x) =M, +(M,y, +MBA)%+MO(X) (12.1)

where M,(x) is the bending moment due to the member loads (i.e. loads acting on the member) in
the absence of the end moments (i.e. My(0) = My(L) = 0) or, equivalently, it can be viewed as the
bending moment of a simply-supported beam of length L subjected to the same set of member
loads. Based on the linearized kinematics, the curvature x(x) is related to the rotation 6(x) and the
transverse displacement v(x) by

de _dYv
KO =

X dx2

(12.2)
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Upon exploiting the assumptions (ii), (iv), and (v), the bending moment M(x) can be linearly related
to the curvature k(x) in a form called the “moment-curvature relationship” given below:

_ M)

K(X) il

(12.3)

Combining equations (12.1), (12.2), and (12.3) leads to a governing differential equation in terms of
the rotation:

do X
EI&:_MAB+(MAB+MBA)I+M0(X) (12.4)

By integrating equation (12.4) from x = 0 to x =  and then employing the definition 6(0) = 64, we
obtain

2 14
EI (0(8)—0, )=-M,,&+(M,, +MBA)§—L+IM0(X) dx (12.5)

Substituting £ = L into equation (12.5) along with the definition O(L) = 0 leads to a relation among
the end rotations, the end moments and the moment due to member loads:

EI(GB_GA)Z[%—%]LJFTMO(X) dx (12.6)

By recalling the relation 6(&) = dv/dg and then integrating equation (12.5) from £ =0to & =L, we
then obtain

L&
EI(VB—VA—eAL):(%_%)Lu”MO(X) dx dg (12.7)
00

where the definitions v(0) = v and v(L) = vg have been used. By changing the order of integration
of a double integral appearing on the right hand side of equation (12.7), it can readily be reduced to
a single integral as indicated below:

= 1

13 LL L L L
IMO(X) dx dg:ijo(x) de dx :jMO(x)jdg dx :jMo(x)(L—x)dx (12.8)
By substituting (12.8) into (12.7), it leads to

EI(v, v, —eAL){%—%)ﬁ +[M,(0(L-x) dx (12.9)

It should be noted that equations (12.6) and (12.9) are, in fact, the curvature area equations relating
the end transverse displacements {va, vg} and the end rotations {0, 65} of the member AB (see
Chapter 4). Upon solving these two equations, the end moments {Mup, Mpa} can be obtained in a
form
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2EI 6EI 6 2L

MABZT(zeA+6B)—T\VAB+F.([MO(X)[T—XJ dX (1210)
2EI 6EI 6 L

MBA:T(OA+29B)—TWAB+E.([MO(X)(§—XJ dX (1211)

where yap is the sway angle or chord rotation which can be defined in terms of the sway
displacement Ayg = vg — vao by

Ass _ Ve —Va (12.12)
L L

Yag =

To interpret the physical meaning of two integrals appearing on the right hand side of equations
(12.10) and (12.11), let us consider the special case that both ends of the member AB are fully
fixed, i.e. 65 = g = 0 and vo = vg = 0. The end moments for this particular case are termed as the
fixed-end moments due to member loads and are commonly denoted by Mag = FEMap and Mpa =
FEMga. By specializing equations (12.10) and (12.11) to this particular case (by replacing 65 = 0p
=0 and v, = vg = 0), we then obtain the expression of the fixed-end moments FEMsp and FEMgy
as

L
FEM,, :%jMo(x)(%—x] dx (12.13)
0

6 L 12.14
FEMBA:FIMO(X) Sox ) dx (12.14)
0

With the relations (12.13) and (12.14), equations (12.10) and (12.11) now become

M, :%(2% +eB)—%\VAB +FEM,, (12.15)
MBA:%(GA_{_zeB)_%WAB—FFEMBA (12.16)

These two equations are known as slope-deflection equations of the member AB. The end moments
{Map, Mpa} are expressed in terms of member loads (through the fixed-end moments {FEMag,
FEMs5a}), end rotations {04, O} and the sway angle yag. It is obvious that the slope-deflection
equations (12.15) and (12.16) for a particular member contain four groups of information (as
indicated in Figure 12.2): the end moments {Mup, Mpa}, the end rotations and sway angle {04, Op,
WaB}, the contribution of member loads {FEMag, FEMg,}, and material and member properties {E,
I, L}. When applied to a single member, the slope-deflection equations are sufficient to determine
two quantities from these groups of information provided that all others are known.

It is worth noting that the longitudinal displacement u(x) does not involve in the
development of the slope-deflection equations; this results mainly from the assumptions (iii) and
(vi). However, from the assumption (v) along with the assumption (iii), we readily obtain a simple
relation u(x) = ua = ug for all x € [0, L]; this implies that the longitudinal displacement at any point
of the member is identical and completely known if the value at one particular point is prescribed.

Copyright © 2011 J. Rungamornrat



FUNDAMENTAL STRUCTURAL ANALYSIS 537
Jaroon Rungamornrat Method of Slope-deflection Equations

End moments
Mag, Mga

Slope-deflection equation

M,, :%(26A+9B)_%WAB+FEMAB

2EI 6EI
BA — T(OA +20, ) _T\VAB +FEM,

e

Figure 12.2 Schematic indicating all information involved in slope-deflection equations

M

12.2 Sign Convention

According to the derivation of the slope-deflection equations presented in above section, the end
rotations 04 and Op are considered positive if they direct in the positive z-direction otherwise they
are negative; the end moments Mg and Mga and the fixed-end moments FEMag and FEMp, are
considered positive if they direct in the positive z-direction otherwise they are negative; and the
sway angle yap is considered positive if a chord connecting the two end points rotates in the
positive z-direction. Since the local coordinate system is chosen such that the z-axis directs outward
from the paper, the positive z-direction is therefore equivalent to the counter clockwise direction.
For instance, counter clockwise end rotations, counter clockwise sway angles, counter clockwise
end moments, and counter clockwise fixed-end moments are considered positive in the present
formulation. For the shear forces and axial forces at both ends of the member, they are considered
positive if they direct in the positive local y-axis and positive local x-axis, respectively.

It should be noted that ones may also be familiar with another choice of local coordinate
system shown in Figure 12.3. The local z-axis is chosen to direct toward the paper while the local y-
axis still directs along the member and the local x-axis follows the right hand rule. For this
particular choice of coordinate, the slope deflection equations remain unchanged except that the
clockwise end rotations, the clockwise sway angle, the clockwise end moments, and the clockwise
fixed-end moments are considered positive.

FEM AB> M AB FEMBA; MBA

‘A i

X
\T E,IL e

y

Figure 12.3 Positive sign convention for end rotations, sway angle, end moments and fixed-end
moments if the local z-axis is chosen to direct toward the paper
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Example 12.1 Use the slope-deflection equations to determine the end deflections and end rotations
of a single span beam due to applied loads shown below. The length, moment of inertia and
Young’s modulus of the beam are denoted by L, I and E, respectively.

=
7;;7 EIL %)— M Casel
A B
~
Mﬁé,; 1L ’Q M Case II
A B
Mg}; T 7;2 M Case IIT
A B
2 '7 M Case IV
1 E,1L 7%7
z EE Case V
A E,ILL IB
P
7 3 Case VI
1 ELL I ase
P

Solution It should be noted that for all cases considered above, there is no member loads; thus, the
fixed-end moments vanish (i.e. FEMag = 0 and FEMga = 0).

Case I: For this particular case, moments at both ends are prescribed and the sway angle vanishes,
i.e. Mag = 0, Mgy = M and yap = 0. Substituting this information into the slope-deflection
equations leads to

2EI

~2E 26, v6,) and M,, =M —25(0,+20,)

M s =0

By solving these two linear equations, we obtain the end rotations 64 = -ML/6EI (CW) and 04 =
ML/3EI (CCW).

Case |l: In this case, we have Mag = M, Mga = M and yap = 0. The slope-deflection equations now
become

2EI

~2El 2, v6,) and M,, =M =220, +26,)

M, =M

Again, by solving above two linear equations, we obtain the end rotations 6, = 6 = ML/6EI
(CCW).
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Case IlI: In this case, we have Mag = —M, Mga = M and yap = 0. The slope-deflection equations
become

M,, =-M =?(2@A +0,) and M, =M =%(6A +20;)

By solving above two linear equations, we obtain the end rotations 6, = -ML/2EI (CW) and 6 =
ML/2EI (CCW).

Case IV: In this case, we have 04 = 0, Mga = M and yap = 0. The slope-deflection equations
become

2EI

4E10,
M,, = S == (0+6,)=

2E1{9 and M, =M= 2I]j:I(O 20,)=

By solving the last equation, it yields 6g = ML/4EI (CCW). Once the rotation at end B is obtained,
the moment at end A can readily be obtained from the first slope-deflection equation, i.e. Mg =
(2EI/L)(ML/4EI) = M/2.

Case V: In this case, we have 65, = 0 and O = 0 while both end moments are unknown a priori.
However, by considering moment equilibrium of the entire beam, we obtain a relation between
Mag, Mpa and the applied load P:

[ZM, =0] = M,;+M;, +PL=0 (el2.1.1)

Also, the slope-deflection equations now become

2EI 6EI 6EI 2EI 6EI 6EI
Mas = L (0 0) L WAB:_T\VAB and Mis L (0 0) L WAB:_TWAB

By substituting two slope-deflection equations into (e12.1.1) and then solving for the sway angle
WaB, this results in yap = PL%/12EI (CCW). Since the end A is fully fixed, the deflection at end B
can be computed from vg = (yap)(L) = PL*/12EI (upward). Once the sway angle g is solved, the
moments at both ends can be obtained from above slope-deflection equations, i.e. Mag = Mga = (—
6EI/L)(PL*12EI) = —PL/2 (CW).

Case VI: In this case, we have 85 = 0 and Mps = 0 while Mup, 0 and yap are unknown a priori.
However, by considering moment equilibrium of the entire beam, we obtain Mg = —PL (CW). By
substituting this information into the slope-deflection equations, we obtain

2FI 6EI 2FI 6El
MABZ_PLZT(O +6 ) L WABZTGB_T\VAB
2EI 6EI 4EF] 6EI
M, =0= L (0 +26 ) L Was = L 0y — L W aB

By solving above two linear equations, we obtain 0 = PL?/2EI (CCW) and YaAB = PL?/3EL (CCW).
Since the end A is fully fixed, the deflection at end B can be computed from vg = (yap)(L) =
PL’/3EI (upward).
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12.3 Computation of Fixed-end Moments

In this section, we further investigate the formula (12.13) and (12.14) and then present an
alternative form of such formula convenient for computing the fixed-end moments FEMusp and
FEM3, for arbitrary member loads. Useful results for fixed-end moments are then summarized in
Table 12.1 for certain typical member loads frequently found in idealized structures.

The expressions of the fixed-end moments FEMp and FEMg4 given by (12.13) and (12.14)
can be re-expressed in a more suitable form as

L

L
FEMAB:%J.MO(X) dx—Li_[x M, (x) dx (12.17)
0

2
0

L

L
FEMBAz%IMO(x) dX_Li,'.X M, (x) dx (12.18)
0

2
0

It is evident that these two expressions involve two identical integrals; the first integral represents
the area of the bending moment M,(x) over the member AB and the second integral represents the
first moment about the end A of the area of the bending moment M,(x) over the member AB. To
avoid the direct evaluation of such two integrals, the bending moment My(x) is first decomposed
into

M, (x) = iMm(X) (12.19)

where the bending moment M,;(x) possesses a special form such that its area over the member AB
and its centroid can readily be obtained. By inserting the decomposition (12.19) into equations
(12.17) and (12.18), it leads to

N
FEM,, z X (12.20)

FEM,;,

LMZ i Mz

i A X, (12.21)

where A,; is the area of the bending moment diagram M,i(x) over the member AB andX ;is the
distance from the centroid of the bending moment diagram M,;(x) to the end A.

It should be noted that the key task of computing the fixed-end moments FEMsp and
FEMga of the member AB (see Figure 12.4(a)) is to construct the bending moment M,(x) (or M,i(x)
fori=1,2,3, ..., N) due to member loads. From the definition in section 12.1, the bending moment
M,(x) is in fact the bending moment of a simply-supported beam of the same length and subjected
to the same set of member loads (see Figure 12.4(Db)).

FEM g FEMBA
(a) (b)

Figure 12.4 (a) Fixed-end structure subjected to member loads and (b) structure for computing
M,(x) used in the calculation of fixed-end moments FEMag and FEMgpx
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Table 12.1 Fixed-end moments for certain member loads

Loading conditions FEMag FEMga
P
4 l 2
NAA BV Pab’ Pa’b
FEMas4—2 | b FEMga T -0
L
P
e 4 ! ED PL PL
A B 8 By
FEM g Jr‘ L/2 | L/2 | FEMga
\%%
G bR ) | w6
NAA BY. 12 | \L L L 12| \L
FEMpap4—2 4 b FEMpa
L
\%%
4 JIIIT] y‘\ w2 (b)Y (b)Y (b) wl’| (b)Y .(bY
/ 6| 2| -8 2| +3|=2 4l 2] 32
NIa BY./ () () L 2| () L
FEMud—2 4 ‘FEMBA WL 6(*1)2_8[*1)13[*1]4 L 4[3 e
L | 12| L L L 12| (L L
%%
AL wl? wL?
NA BY 12 12
FEMp - L } FEM,
%%
g W\ wL? W
NA BY/ 30 20
FEM g4 L } FEMa
1 M p N
\}AA ¥ \ Br:./ Mb(2a —Db) Ma(2b—-a)
FEMppo—2 | b FEMpa r E
L
< M 7
\HA + A\ BV M M
FEM L2 1J3 L2 FEMjga 4 4
L
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Example 12.2 Compute the fixed-end moments of a member subjected to a concentrated force P
with a distance a from the end A.

P
FEMag CaA 1 Bg) FEMga

a | b

Solution The bending moment diagram M,(x) for this particular member load can readily be
constructed by considering a simply-supported beam shown below.

1
- 25

1 Pb/L IPa/L
a ,!. b
- L
Pab/L
@ 7
- Mo(x)

& Xol #
_? 02 +_

The bending moment diagram M,(x) is decomposed into two parts, M, (x) and M,(x), where each

part forms a triangle as shown above. The area and the distance from their centroid to the end A are
given by

2
A, = ! P_abj(a): Pa’b Xy = 2
20 L 2L 3
2
A02 = l P;abj(b)z Pab 7 i02 = a_{_h
20 L 2L 3

From A.1, A, X,,, and X_,, we then obtain

22: Pazb Pab? _Pab
£ oL 2

_ (Pa’)(2a) [ Pab b) Pab(2a+b)
Aoixoi = - |t at+—-|=—
2L )\ 3 2L 3 6
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Inserting above results into equations (12.20) and (12.21) yields the fixed-end moments

Pab(2a+b : Pab(2a +b 2
FEMABzi(P—abj_% ab(2a+b))_Pab’ . FEMBA=E(@J_£2 ab(2a+b))__Pa’b
L2 )T 6 L 2 )T 6 L

For the special case when the concentrated load P is applied at the mid span of the member (i.e. a =
b = L/2), the fixed-end moments reduce to

P(L2)(L2) PL P(L/2) (L2 PL
FEMAB =%=? ) FEMBA Z—%z—?

Example 12.3 Compute the fixed-end moments of a member subjected to a uniformly distributed
load w over its entire span.

f / r N N hdh ' 4h 4. "4 4 N NN

FEMug \’i A B ) FEMBA
1 L t

Solution Similar to the previous example, the bending moment M(x) for this particular case can
readily be constructed by considering a simply-supported beam shown below.

A ]

w

A A 4 4.4 2.4 2. 2 2.2 2.8 24

5 25,

1 1
L
wL?/8
®
— M,(x)
< S |

Area of the bending moment diagram M,(x) and the distance from its centroid to the end A are
given by

2 3
Afz[WL J(L)=WL LR, =
30 8 12 2

Substituting A, and X into (12.20) and (12.21) yields the fixed-end moments

3 3 2 3 3 2
FEM, = 4 WL _% wL (Lj:wL . FEM, = 2[ WL _% wL (LJZ_WL
Li12) {12 \2) 12 L1z ) {12 )(2 12
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Remark: It is worth noting that the fixed end moments due to any distributed load q = q(x) can also
be computed by using the results of the concentrated load (Example 12.2) instead of using the
relations (12.20) and (12.21). To clearly demonstrate the idea, let us treat the distributed load over
an infinitesimal element of length dx (an element connecting the point x and the point x + dx) as a
concentrated force q(x)dx acting to point x. The fixed end moments due to this infinitesimal
concentrated load, denoted by dFEMuxp and dFEMg,, are given by

dFEM,, = q(x)(li—x)x (12.22)

_ 2
dFEM,, = —de (12.23)

Thus, the fixed-end moment due to the distributed load acting on the entire member is obtained by
integrating (12.22) and (12.23) from O to L, i.e.

= q(x)(t—;x)zxdx (12.24)
FEM,, = —Ifq(x)(%;x)xzdx (12.25)

It should be noted that the distributed load q in the expressions (12.24) and (12.25) is positive if it
directs downward. As an example, let apply the relations (12.24) and (12.25) to re-compute the
fixed-end moments due to uniformly distributed load q over the entire span. This leads to

. q(x* 2Lx® x') qL?
FEM,, = j (L—x)’ xdx =5 = + | =1 (12.26)
! 2 34 12
L 3 4\ 2
q 2 q(Lx” x qL
FEM,, =—— [(L-x)x dx=——[———] == (12.27)
Lz-([ 23 4) 12

Similarly, the fixed-end moments due to linearly distributed load q(x) = qo(x/L) over the entire span
can also be obtained as follows:

L
a4 2 s U'x’ 2Lx' x*)  ql”
FEM,; = f(L x)xdx—g[ P +?0_—30 (12.28)
q q, [ Lx* X’ ) ql’
—_10 — Mdx =20 =2 2 | —_ A=
FEM,, = L3£(L x)x’dx = LZ( ; Sl_ % (12.29)
dx

ax)__ 3
FEMAB Cﬂm BKD FEMBA

1|<—dx
_+ X L-x +

Figure 12.5 Treatment of distributed load over infinitesimal element dx by concentrated force qdx
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Example 12.4 Compute the fixed-end moments of a member due to a concentrated moment M
acting to its quarter point from the end A.

. M
FEMAB CgA 7 \\ BED FEMBA
|

L/4 3L/4

L
Solution The bending moment diagram M,(x) for this particular case is shown below.

M

—~

79;;‘\ 7&

Fan | V7%

% |
L/4 ! 3L/4

Mo(x)

-3M/4

_T i02 4)_

This bending moment diagram M,(x) is decomposed into two parts, M,i(x) and My,(x), where each
part forms a triangle as shown above. The area and the distance from their centroid to the end A are
given by

I[MJ[L] ML _ L
Aolz_ - — |\ == 5 Xolz_
204 )\ 4 32 6

1( 3M)(3L) 9ML _ L
Ap=2l-—F 7T 1= ° Xa=73
2\ 4 ) 4 32 2

From A,1, Ao, X,,, and X_,, we then obtain

A, ML _OML_ ML
= 32 4

ZzlA (MLJ[E)+(_9MLJ(£]__I3ML2
% =35 s 32 )\ 2 96
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Inserting above results into equations (12.20) and (12.21) yields the fixed-end moments

2 2
FEM,, :i(_&J_g[_lsML jz_SM . FEM,, :3(_&}3[_1% Jy

L 4 |5 96 16 L 4 96 16

Remark: Since the fixed-end moments are linearly related to the bending moment M,(x) and M,(x)
is clearly a linear function of applied loads, a method of superposition can be applied along with the
use of basic results such as those shown in Table 12.1 to compute the fixed-end moments of
members subjected to a series of applied loads (see Example 12.5).

Example 12.5 Use results given in Table 12.1 along with a method of superposition to compute the
fixed-end moments of following cases:

p 2P 3p
FEM g Cg n l ! ! BE) FEMga Case I
L/4 $ L/4 4’ L/4 T L/4
L
ql q
FEM.sp C" | IR ii \ ) FEMgs Case II
L/3 T 2L/3
L ‘g
p
FEMp C%A ‘)L‘PL BED FEMga Case III
|
3 2L/3
L

Solution By using the fixed-end moments in Table 12.1 along with the method of superposition, the
fixed-end moments for above three cases are given below.

Case I:
2 2
FEM . P(L/4)(3L/4) 2P(L/2)2(L/2) +3P(3L/42)(L/4) _17PL
L 32
P(3L/4)(L/4)*> 2P(L/2)(L/2)* 3P(L/4)(3L/4)*>  23PL
FEMp ==~ B Y
Case ll:
3 4 2
FEM qL(L/3)§2L/3) 4(2j _{gj _l6qL
L 12 3 3 81
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2 2 2 3 4 5
FEM,, = qL(2L/32)(L/3) 3 ql 6 3 _g 2 3 E - 4qL
L 12 3 3 3 27
Case 1l1:
2

FEM ,, = P(L/3)(22L/3) .\ PL(2L/3)(22L/3 2L/3) _ 4PL

L L 27

2 —

FEM,, = - P(2L/3L)2(L/3) N PL(U3)(;1}L/3 L73) _ 72P7L

Remark: Another important remark is associated with the computation of the fixed-end moments
of a member subjected to inclined loads (i.e. loads containing both transverse and longitudinal
components). By noting that the longitudinal component of member loads produces zero fixed-end
moments, the inclined loads can therefore be treated in the same manner as the transverse loads by
simply ignoring their longitudinal component. Here, we present two important results that are
commonly employed, one associated with an inclined concentrated force and the other
corresponding to an inclined, uniformly distributed loads.

L
2 2
FEM,, = (Pcosoc)(a/cosoc)(zb/cosoc) _ PaE) (12.30)
(L/cosa) L
2 2
FEM,, = (Pcosoc)(b/cosa)(;t/cosa) _ Pa2b (12.31)
(L/cosat) L
w
B 5/ FEMga
Tlcos®
/ o
FEMagp \ﬂ N
1 3 f
FEM, - [(WLcosa) / (L/cosa) | (L/cosa)? _ w2 (12.32)
12 12
FEM, = - [(WLcosa) / (L/1c20soc)](L/cosoc)2 _ v:]j (12.33)
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12.4 Alternative Form of Slope-deflection Equations

It is evident that the slope-deflection equations (12.15) and (12.16) are not sufficient to solve for the
end rotations and sway angle {04, O, yag} in terms of the end moments and member loads. This is
due primarily to the fact that those three kinematical quantities still contain one mode of rigid body
motion (i.e. one associated with the rigid rotation of the member). Now, let us define two new
quantities ¢ and ¢p such that

Or =04~ Vs (12.34)

0y =04~y (12.35)

These two quantities, commonly termed the relative end rotations, represent the end rotations of the
member measured from a chord connecting both ends of the member in the deformed configuration,
see Figure 12.1. The key feature of ¢ and ¢ is that they completely characterize the deformation
of the member and contain no rigid body motion. That is non-zero ¢, and ¢ always accompany by
non-zero bending deformation and vice versa. By substituting equations (12.34) and (12.35) into
equations (12.15) and (12.16), it leads to an alternative form of the slope-deflection equations:

2EI

M,, = T(2¢A +¢5 )+ FEM,,, (12.36)
2EI

M,, =T(¢A +2¢,,)+FEM,, (12.37)

According to the fact that ¢ and ¢p represent the pure deformation, a system of linear equations
(12.36) and (12.37) can be solved to obtain the relative end rotations ¢ and ¢p in terms of the end
moments and the fixed-end moments:

L L

¢A ZE(MAB _FEMAB)_@(MBA _FEMBA) (12'38)
L L

(I)B :E(MBA_FEMBA)_E(MAB_FEMAB) (1239)

Equations (12.36) and (12.37) are useful for obtaining the stiffness information of the flexural
member while the flexibility property of the member can be obtained from equations (12.38) and
(12.39). For the special that the member is free of member loads, the slope-deflection equations
(12.36)-(12.37) and their inverse relations (12.38)-(12.39) simply reduce to

2EI
M, =T(2<I>A +dy) (12.40)
2EI
My, =T(¢A +24y) (12.41)
L L
- M. =M 12.42
o 381 6EI ™ ( )
L L
=—M,, ——M 12.43
& 3EI "% 6EI *° ( )
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12.5 Slope-deflection Equations for Special Members

The slope-deflection equations (12.15) and (12.16) can be specialized to certain special members,
e.g. a member with a prescribed moment at one end, a member with a prescribed shear force at one
end, a symmetric member, and an anti-symmetric member. Such specialization can reduce not only
the number of the independent slope-deflection equations but also the number of kinematical
quantities such as the end rotations and sway angle.

12.5.1 Member with prescribed moment at one end

y
g T e

V;MBA =My

Figure 12.6 A member with prescribed moment at end B

Let us consider first a member AB with a prescribed moment My at the end B (i.e. Mgy = M)) as
shown in Figure 12.6. By substituting Mg = 0 into (12.16), the end rotation 8 can be solved in
terms of other quantities as

1, 3 L
0y =04+ W 3o (My ~FEM,, ) (12.44)

This relation implies that the end rotation 05 is not independent of the end rotation 04 and the sway
angle yap. Once 04 and yap are known, O can readily be computed from (12.44). By replacing 0
from (12.44) into equation (12.15), we obtain a modified slope-deflection equation for the end
moment Mg as

M =0 0~y + FEM (12.45)

where FEMas is a modified fixed-end moment at the end A defined by

FEM s = FEM —%FEMBA +%MO (12.46)

It should be noted that equation (12.45) can be considered as a single slope-deflection equation for
this particular member. The condition Mgsy = My along with the other slope-deflection equation is
already used to eliminate the end rotation Og from the modified equation (12.45). The key
advantage gained from using the single modified equation (12.45) instead of the two equations
(12.15) and (12.16) is that the number of kinematical unknowns reduces from three to two; only 04
and yap appear in the modified slope-deflection equation while Oz can be obtained later from
(12.44).

For a member with a prescribed moment M, at the end A (i.e. Mag = M), a similar
procedure can be used to derive the modified slope-deflection equation for the end moment Mgp
and the final result is given by
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3EI 3EI ——
M, :TeB—TwAB+FEMBA (12.47)

where the modified fixed-end moment FEMsa is given by

FEMga = FEM,,, —%FEMAB + %MO (12.48)

The end rotation 0 can then be obtained from

1 3 L
GA :_EGB+EWAB+E(MO_FEMAB) (1249)

For the special case that a member contains a hinge or moment release at its end, above results
apply by simply replacing My = 0.

12.5.2 Member with a prescribed shear force at one end

y
g T asse

Mg
Via=Vy

Figure 12.7 A member with prescribed moment at end B

Let us consider a member AB with a prescribed shear force V, at the end B (i.e. Vga = V) as
shown in Figure 12.7. By considering moment equilibrium of the member AB about the end A, we
obtain

V.L+M,;+M,, +M . =0 = M, +M,, =-VL-M___ (12.50)

where Mpem 1S the moment about the end A of all member loads. The relation (12.50) implies that
both the end moments Map and Mg, are not independent. By substituting the slope-deflection
equations (12.15) and (12.16) into (12.50), we can solve for the sway angle in terms of other
quantities:

1 (FEM,,; +FEM,, +M, . +V,L)L
Van = 2(6“63)+ 12E1

(12.51)

By substituting yap into equations (12.15) and (12.16), it yields modified slope-deflection
equations as

M, =2o ~Elo L FEM.w (12.52)
L * L
M,, = %93 —%eA +FEMaa (12.53)
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where FEMas and FEMga are modified fixed-end moments defined by

FEMas = %(FEMAB ~FEM,, -M, . —V,L) (12.54)

-V,L) (12.55)

mem

FEMga = %(FEMBA -FEM ,, -M

For this particular case, both the modified slope-deflection equations (12.52) and (12.53) can be
used and they involve only two kinematical unknowns (i.e. the end rotations). Once the end
rotations are computed, the sway angle can readily be obtained from equation (12.51).

Similarly, the modified slope-deflection equations for a member with a prescribed shear
force Vj at the end A (i.e. Vag = V) are exactly in the same form as those given by (12.52) and

(12.53) except that the modified fixed-end moments FEMas and FEMsa are defined by

FEM a5 :%(FEMAB —FEM,, -M, .., + VL) (12.56)
FEM3a = %(FEMBA -FEM,; -M, ... + V,L) (12.57)

and the sway angle yap is given by

1 (FEM,, +FEM,, +M, . -V, L)L

——(0,+0,.)+ 12.58
Vas 2(A ») 12E1 ( )

For the special case that a member contains a shear release at its end, above results also apply by
simply replacing V= 0.

12.5.3 Symmetric member

y ;/\/Plane of symmetry

VB = VA

Nga =—N
N /7~ 1 r\ BA AB
MAB: : Mga = -Mag
Vas i VBea=Vag

Figure 12.8 Schematic of symmetric member

Let consider a special member such that all quantities (e.g. geometry, member loads, internal forces,
deformation, displacement and rotation) are symmetric with respect to a plane normal to the
member axis and passing through its center as shown in Figure 12.8. Specifically, Og = —04, v =
Va, UB = —UA = 0, (/N 0, MBA = _MAB, VBA = VAB, NBA = _NAB, and FEMBA = —FEMAB. By using
above symmetric conditions, the slope-deflection equations (12.15) and (12.16) reduce to
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M,, = %e,\ +FEM,, (12.59)
M,, =%eB +FEM,, (12.60)

The modified slope-deflection equations (12.59) and (12.60) are not independent and one of them
may be used in the analysis depending primarily on either one of the end rotations {04, 05} being
chosen as a primary unknown. The key feature of these modified slope-deflection equations is that
they contain only one kinematical unknown (i.e. ether the end rotation 64 or the end rotation 0g).
Once all quantities at one end are determined, quantities at the other end can readily be obtained
from the symmetric conditions.

12.5.4 Anti-symmetric member

y , /\/ Plane of anti-symmetry

Va VBa =—Vag
/7 1 B |\ Nga =Nas
——— 9——— X
NABM AB; l Mga = Mag
Vv (VB = —VA

up — ua

Figure 12.9 Schematic of anti-symmetric member

Let consider a special member such that its geometry is symmetric with respect to a plane normal to
the member axis and passing through its center while all other quantities (e.g. member loads,
internal forces, deformation, displacement and rotation) are anti-symmetric with respect to the same
plane as shown in Figure 12.9. Specifically, g = 04, v = —va, U = us, Mpa = Map, Va = —Vas,
Nga = Nag, and FEMga = FEMg. By using above anti-symmetric conditions, the slope-deflection
equations (12.15) and (12.16) reduce to

6E1 6EI

MABZTGA _TWAB+FEMAB (1261)
M,, :%93 —%WB +FEM,, (12.62)

Similar to the symmetric case, the modified slope-deflection equations (12.61) and (12.62) are not
independent and only one of them is often used in the analysis. The key feature of these modified
slope-deflection equations is that the number of kinematical unknowns reduces from three to two
(i.e. they involves only one end rotation and the sway angle). Once all quantities at one end (e.g.
rotation, displacement, end moment, shear force, axial force) are solved, quantities at the other end
can also be obtained from the anti-symmetric conditions.
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Example 12.6 Use slope-deflection equations to determine the rotation at point B, end moments
and end forces, all support reactions, shear force diagram and bending moment diagram of a beam
shown below. The flexural rigidity EI is constant throughout.

q 2qL 2
;’A\/ NN N l ’\)qL /2
' £5,
L $ L/2 ¥ L2
2L

Solution Since the flexural rigidity EI is constant throughout, the entire beam is treated as a single
member AB. The fixed-end moments FEMap and FEMp4 can readily be obtained from Table 12.1
along with the superposition as follows:

FEM . - (2qL)(3L/22)(L/2)2 L aeLy’ { 6( 1 T B 8( 1 )3 N 3( 1 ﬂ _5qL2
L) 12 2 2 2 12

FEM. = (2qL)(3L/22)2(L/2) gLy { A ( 1 j ) 3( 1 j } _ 2qU
@L) 12 2 2 3

Since the end rotation 04 and the sway angle yap vanish, the slope-deflection equations for the
member AB become

2 2
M,, = 2EI (2(0)+63)_ 6EI 0)+ S5qLlL _ EIO, N S5ql (e12.6.1)
(2L) (2L) 2 L 12
2 2
-~ :g( - GEL _2qL" _2EI0, 2qL (€12.6.2)
(2L) (2L) 3 L 3
2qL
Mag Mas q Via VBa P
RAM C% L) 1l NN N WV N W N l r) l ’)qL /2
) Member AB /
Joint A I Vas Vas Mpa  Mea I Joint B

Ray Ry

To determine the unknown rotation 0, we first write the moment equilibrium at joint B as follows:

ql’
(Mg =0] = My, +=-=0 (€12.6.3)

By substituting Mg, from (e12.6.2) into (e12.6.3) and then solving for 05, it leads to

_qU
12EI

2EI0, 2qL° . ql’

=0 = 0,
L 3 2
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Once the end rotation Og is solved, the end moment Mag can be obtained from (e12.6.1):

3 2 2
:E ql N 5qL _ ql CCW
L \ 12EI 12 2

AB

By considering equilibrium of the member AB and using Mag = qL%/2 and Mga = —qL?/2, the end
shear forces Vap and Vpa can be obtained as follows:

[EM,,, =0] = qL*/2—ql?/2+V,, (2L)—(qL)(L/2)-(2qL)3L/2) =0 = V,, _TqL
[ZFY,memberAB = O] = VAB +VBA - qL _2qL = 0 = VAB = %

All support reactions can readily be obtained from equilibrium of joints A and B as shown below:

2
|:2Mj0intA = 0:| = RAM = MAB :£ CCW
S5qL
|:ZFY,joimA = 0] = RAY = VAB :% Upward

7qL
|:2FY,j0int B — 0] = RBY = VBA = % Upward

The shear force and bending moment diagrams are shown below.

q ZqL )
- L°/2
qL2/2 C;X/\/ ~ N N N N l —\4
r
15 L/4
4 $ 7qLiA¥>
i L L2 | L2
2L
5qL/4
qL/4 qL/4
SFD
—7qL/4
QL4 3qL%/8
BMD
—qL*/2 —qL*/2
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12.6 Analysis of Structures by Slope-deflection Equations

In this section, we clearly demonstrate the application of the slope-deflection equations (12.15) and
(12.16) to the analysis of beams and plane frames. The procedure begins with the discretization of a
given structure into a collection of straight, prismatic members and the identification of all
independent, kinematical unknowns (i.e. nodal rotations and sway displacements) resulting from
such discretization. The slope-deflection equations are subsequently applied to each member to
express the end moments in terms of the end rotations and the sway angle. A set of governing
equations for the entire structure is established by enforcing equilibrium of moments at all nodes
and equilibrium of forces associated with all sway modes. The final step involves solving this set of
linear algebraic equations. Once all kinematical unknowns are determined, other quantities of
interest (e.g. end moments and forces, support reactions, SFD and BMD) can readily be computed
from the slope-deflection equations along with static equilibrium equations. Each of these steps is
clearly described below.

12.6.1 Discretization and identification of kinematical unknowns

Let us first discretize a given structure into N, members with N, nodes. For instance, a beam shown
in Figure 12.10(a) is discretized into 3 members (i.e. Ny, = 3; members AB, BC, and CD) with 4
nodes (i.e. N, = 4; nodes A, B, C, and D) and a gable frame shown in Figure 12.10(b) is discretized
into 4 members (i.e. N, = 4; members AB, BC, CD, and DE) with 5 nodes (i.e. N, = 5; nodes A, B,
C, D, E). The key criterion employed in such discretization is that the slope-deflection equations
(12.15) and (12.16) can apply to all discretized members. More specifically, each member must
have constant flexural rigidity EI, contain exactly two nodes at its ends, contain no interior support,
and contain no interior internal release (e.g. hinge and shear release). It is worth noting that the
discretization pattern of any given structure is not unique but depends primarily on the collection of
members chosen. For instance, if a point E of the beam shown in Figure 12.10(a) is also chosen as a
node, the discretized structure therefore consists of 4 members with 5 nodes. While the
discretization of the structure can be carried out in an arbitrary manner and with a matter of
preference, it is common to minimize the number of nodes and members in order to minimize the
number of corresponding kinematical unknowns. This will be apparent in the discussion below.

720 I I U c 1o
AA E % %

(a)

(b)

Figure 12.10: Discretization of (a) continuous beam and (b) gable frame into collection of members
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In the analysis by slope-deflection equations, the primary unknowns involve two main types of
kinematical quantities, rotational degrees of freedom and sway degrees of freedom. The former,
also termed the nodal rotation, denotes the rotation at all nodes while the latter, sometimes called
the sway displacement, denotes the quantity that represents the translational movement of nodes
and, in turn, produces the sway angle to each member. Once the given structure is discretized or,
equivalently, nodes and members are chosen, all primary unknowns can be identified. It should be
noted that the number of such primary unknowns depends primarily on the discretization pattern.

The number of rotational degrees of freedom, denoted by N, is related to the number of
nodes (N,), the number of moment releases or hinges (N;) and the number of rotational constraints
provided by supports (N;) via a simple relation

N, =N, +N, -N, (12.63)

For instance, if the beam shown in Figure 12.10(a) is discretized into three members (i.e. members
AB, BC, and CD) with four nodes (i.e. nodes A, B, C, and D), it will contain four rotational degrees
of freedom Oy, Ogg, Oc, and Op (i.e. N, =4, N, =1, N;=1 = N;=4+1-1=4). The rotation at
node A is known a priori (i.e. 05 = 0) and is not treated as an unknown and, due to the presence of a
hinge at node B, the rotation at a point just to the left and a point just to the right of node B are, in
general, different and must be treated as two unknowns. If this beam is discretized into four
members (i.e. members AE, EB, BC, and CD) with five nodes (i.e. nodes A, E, B, C, and D), it will
contain five rotational degrees of freedom Og, Ogr, Opr, Oc, Op (i.e. Ny =5, Ny =1, N;;=1 = N;=
5+ 1 -1 =25). Similarly if the gable frame shown in Figure 12.10(b) is discretized into four
members (i.e. members AB, BC, CD, and DE) with five nodes (i.e. nodes A, B, C, D, and E), it will
contain five rotational degrees of freedom Og, Oc, Opr, Opr, Op (1.e. Ny =5, Ny =1, N;=1 = N;=
5+41-1=5).

The number of independent sway degrees of freedom of a discretized structure, denoted by
N;, can be obtained by investigating the freedom of nodes to undergo the translational movement.
The key factors that affect the number of sway degrees of freedom are the number of nodes, the
translational constraints provided by supports, the internal or deformation constraints (e.g. member
inextensibility), and the configuration and arrangement of members within the structure. For beams,
the number of independent sway degrees of freedom is given by

N, =N, -N_ (12.64)
where N, is the number of translational constraints in the transverse direction of a beam provided
by all supports. It should be noted that the inextensibility and small rotation assumptions allow the
longitudinal displacement at any point of a statically stable beam be discarded. For instance, the
beam shown in Figure 12.10(a) has only one sway degree of freedom (i.e. N, =4, Ny =3 = Ny=4
— 3 = 1) for the previous discretization into 3 members and 4 nodes. The deflection at point D,
denoted by Ap, can be chosen to represent such sway degree of freedom. The displacement of the
beam associated with the sway degree of freedom is indicated by a red line in Figure 12.11(a). It
will become evident later that in order to obtain complete information about the sway angle of any
member, it is sufficient to represent the actual sway displacement (the red line) only by a simpler
schematic consisting of straight lines or chords connecting between member ends in the deformed
configuration termed the sway pattern and indicated by a dash line in Figure 12.11(a). If this beam
is discretized into 4 members with 5 nodes as considered previously, it will contain two sway
degrees of freedom, one associated with the deflection at point D and the other associated with the
deflection at point E. The actual sway displacement and the corresponding sway pattern are shown
in Figure 12.11(b) by the red line and dash line, respectively.
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RRARR c Vo

(b)

Figure 12.11: Actual sway displacement and sway pattern of a discretized beam consisting of (a) 4
nodes and 3 members and (b) 5 nodes and 4 members

For plane rigid frames, the number of independent sway degrees of freedom can be computed
from

N, =2N, -N_ -N_, (12.65)

where N, is the total number of translational constraints provided by all supports and N4 is the total
number of independent internal constraints introduced by the member inextensibility. It should be
emphasized that the member inextensibility poses certain restrictions on the movement of all nodes;
in particular, all nodes cannot displace in an independent fashion but they must maintain the
original member length in the deformed configuration. For a small displacement and rotation
assumption, the member length is considered preserved if and only if the projection of a deformed
member onto its initial axis possesses the same length as that of the undeformed member.
Equivalently, the longitudinal displacements at both ends of a member are identical, i.e. ux = ug as
shown schematically in Figure 12.12.

Figure 12.12: Schematic of undeformed and deformed configurations of inextensible member

For instance, the gable frame discretized as shown in Figure 12.10(b) contains only two
independent sway degrees of freedom (i.e. N, =5, Net =4, Nyg=4 = Ny=2(5)—4 -4 =2). The
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first sway degree of freedom, denoted by the horizontal displacement Ag of point B, corresponds to
side-sway of the frame without the movement of point D whereas the second degree of freedom,
denoted by the horizontal displacement Ap of point D, corresponds to side-sway of the frame
without the movement of point D. It is clear that these two degrees of freedom are independent. The
actual sway displacements and the sway patterns associated with those two sway degrees of
freedom are illustrated in Figure 12.13. It is important to note that a choice of sway degrees of
freedom is not unique and generally a matter of preference. The key point is to ensure that all sway
degrees of freedom are included and they are independent.

Figure 12.13: Schematic of actual sway displacements and sway patterns associated with two sway
degrees of freedom of discretized gable frame shown in Figure 12.10

According to the inextensibility assumption, one additional constraint is imposed for each
member; therefore, the number of independent translational degrees of freedom per one two-
dimensional member reduces from four to three. Such three independent degrees of freedom include
the transverse displacements at both ends and the longitudinal displacement at one end; the
longitudinal displacement at the other end must be the same in order to maintain the member length.
By using this observation as a guideline, the number of independent internal constraints N¢q cannot
exceed the number of members Ny, (i.e. Neg < Ny,). For various structural configurations (see Figure
12.10 for examples), the equality holds (i.e. Neg = Ny,). However, there are certain configurations
where the strong inequality holds (i.e. Neg < Ny,). This situation occurs when internal constraints
provided by many members are not all independent. For example, a plane frame shown in Figure
12.14 has N, = 6, N, = 5, Nt = 7, and Ny = 4, and therefore possesses only one sway degree of
freedom (i.e. Ny = 2(6) — 7 — 4 = 1). The inextensibility of members AB and BD along with the
translational constraints provided by supports A and D is sufficient to fully prevent the translation
of point B. The inextensibility of a member BF therefore provides no additional constraint affecting
the translation of the point B.

Now, the total number of primary (kinematical) unknowns of a discretized structure,
denoted by Ny, is equal to the sum of the number of rotational degrees of freedom and the number of
sway degrees of freedom, i.e.

N, =N, +N, (12.66)

The discretized structure with Ny = 0 is generally known as a non-sway structure while the
discretized structure with N5 > 0 is termed a sway structure. It is important to emphasize that based
on this definition a given structure can be either a sway or non-sway structure depending on the
discretization.

Copyright © 2011 J. Rungamornrat



FUNDAMENTAL STRUCTURAL ANALYSIS 559
Jaroon Rungamornrat Method of Slope-deflection Equations

o]

aA B

Figure 12.14: Schematic of plane frame with the number of independent internal constraints N¢q less
than the number of members Ny,

Example 12.7 Discretize two continuous beams shown below by minimizing the number of
members as many as possible and then determine the total number of primary (kinematical)
unknowns. If the discretized beam is a sway structure, sketch all independent sway patterns.

4 Bl 7% Tl 7% Case ]

4
1 El 3EI 3EI El Case Il

Solution Since the flexural rigidity EI of a beam in case I is constant throughout, it can then be
discretized into two members AB and BC with three nodes A, B and C as shown below. For the
discretized beam, we have N, = 2, N, = 3, N, = 0, N, = 1 and N, = 3. The number of rotational
degrees of freedom, the number of sway degrees of freedom, and the number of primary unknowns
are obtained from equations (12.63), (12.64) and (12.66) as follows: N, =3+0—-1=2, Ny=3-3 =
0, and N¢ =2 + 0 = 2. Two nodal rotations, denoted by 0 and O¢, are shown below and since N =
0, the discretized beam is a non-sway structure.

Os Oc

A /B @
EI 5% EI By

N

For case II, at least four members must be used in the discretization due to the non-uniform flexural
rigidity. A particular discretized beam with four members (AB, BC, CD, and DE) and five nodes
(A, B, C, D, and E) is shown below. For this case, we have N, =4, N, =5, N, =0, N; = 1 and N
= 3. The number of rotational degrees of freedom, the number of sway degrees of freedom, and the
number of primary unknowns are obtained in the same fashion as follows: N;=5+0—-1=4,N;=5
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—3 =2, and Ny =4 + 2 = 6. Four nodal rotations, denoted by 65, 6¢, Op, and Og, are shown below
and since Ny = 2 > 0, the discretized beam is a sway structure. The first sway degree of freedom is
chosen to correspond to the deflection of point D whereas the second sway degree of freedom is
chosen to be associated with the deflection of point E. Two sway patterns associated with these two
independent sway degrees of freedom are shown below.

e
>

EI

Example 12.8 Discretize a frame shown below by minimizing the number of members as many as
possible and then determine the total number of primary (kinematical) unknowns. If the discretized
frame is a sway structure, sketch all independent sway patterns.

i El is constant 7%

Solution From the configuration and constant flexural rigidity of a given frame, at least seven
members must be used in the discretization. The discretized frame consisting of seven members
(AB, BC, DE, EF, AD, BE, and CF) and six nodes (A, B, C, D, E, and F) is shown below. For such
discretization, we have N, = 7, N, = 6, N, = 0, N = 0, Nt = 3, and Neg = 7. The number of
rotational degrees of freedom, the number of sway degrees of freedom, and the number of primary
unknowns are obtained from equations (12.63), (12.65) and (12.66) as follows: N;=6 +0—-0=6,
Ng=2(6)—3 —-7=2,and N¢= 6 + 2 = 8. Six nodal rotations, denoted by 04, 05, 6¢, Op, O, and O,
are shown below and since Ny = 2 > 0, the discretized frame is a sway structure. The first sway
degree of freedom is chosen to correspond to the horizontal displacement of point D whereas the
second sway degree of freedom is chosen to be associated with the vertical displacement of point E.
Two sway patterns associated with these two independent sway degrees of freedom are shown
below.
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12.6.2 End rotations and sway angle of members

After the given structure is discretized and all primary (kinematical) unknowns are defined, the end
rotations and sway angle of all members can readily be expressed in terms of those unknowns. By
exploiting the compatibility of the rotation at all nodes, it is obvious that the end rotation of the
member must be equal to the rotational degree of freedom at the node connected to that member
end. For instance, the end rotations of all members in the discretized frame shown in Example 12.8
can be obtained in terms of six rotational degrees of freedom {04, Og, O¢, Op, O, O} as shown in

Table 12.2.

Table 12.2 End rotations of all members of discretized frame in Example 12.8

Member Rotation at end 1 Rotation at end 2
AB GA 9B
BC OB Oc
DE OD 6E
EF O Or
AD 0 A eD
BE 08 O
CF Oc Or

For a sway discretized structure, the sway angle of each member is generally non-zero and
can be expressed in terms of the sway degrees of freedom. This step is nontrivial and requires
geometric consideration of the structure under the side-sway along with the length constraints posed
by the inextensibility assumption. An ingredient that is found very useful and helpful to achieve this
task is a sketch of the sway patterns. The translational movements of all nodes in the sway pattern
must occur in a manner that ensures the preservation of the member length. In particular, for each
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sway degree of freedom, the displacement at all nodes can completely be determined in terms of
that degree of freedom and the sway angle of each member can subsequently be computed from the
transverse component of the displacement at both ends via the relation (12.12). Finally, the total
sway angle of each member can readily be obtained by summing all the sway angles resulting from
each sway degree of freedom.

To clearly demonstrate the steps explained above, let us consider a frame with geometry and
flexural rigidity shown in Figure 12.15(a). This frame is first discretized into 3 members (AB, BC,
and CD) with 4 nodes (A, B, C, and D). The number of sway degrees of freedom of this discretized
structure is obviously equal to 2 (i.e. Ny =4, Net =3, Neg=3 = Ny =2(4) — 3 — 3 =2). The first
sway degree of freedom, with its sway pattern shown in Figure 12.15(b), corresponds to the side-
sway of the frame without the movement of point D. Let us choose the horizontal displacement at
point B, denoted by A, to represent the first sway degree of freedom. The translation of all other
nodes can then be expressed in terms of A; as follows. By employing the length preservation of
members AB and CD, the vertical displacements of points B and C essentially vanish and, by
enforcing the length preservation of a member BC, the horizontal displacement of point C must be
equal to A;. With this data, the sway angles of all members produced by the first sway degree of
freedom can be computed and results are reported in Table 12.3. For the second sway degree of
freedom, we choose the side-sway of the frame such that the movement of point D does not vanish
and the corresponding sway pattern is shown in Figure 12.15(c). By choosing the horizontal
displacement at point D, denoted by A,, to represent this sway degree of freedom, the sway angles
of all members in terms of this sway degree of freedom are also given in Table 12.3. It should be
noted that these two sway degrees of freedom completely describes the side-sway movement of the
discretized structure. Finally, the total sway angle of each member can readily be obtained by
summing the sway angles obtained from the two cases (see results in Table 12.3).

Y Ay

T -2 o
B C B C
EI ; !
1 1
1 1
1 1
3EI 2EI L, J' /
S B I
1 Vas ; Vep
'A
rzré —>X DE —— 7 EiD
L, JI ’
(a) (b)

Figure 12.15: (a) Schematic of discretized frame containing 3 members and 4 nodes, (b) sway
pattern associated with 1% sway DOF, and (c) sway pattern associated with 2nd sway DOF

Table 12.3 Sway angle of all members of discretized frame shown in Figure 12.15(a)

Member Sway angle due to 1% Sway angle due to 2™ Total sway angle
sway DOF sway DOF
AB -A /L, 0 A/ L,
BC 0 0 0
CD -Ay/ L, Ao/ L, (A—-AY)/ L,
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Consider next a plane frame with geometry and flexural rigidity shown in Figure 12.16(a).
This frame is first discretized into 3 members (AB, BC and CD) with 4 nodes (A, B, C and D). The
number of sway degrees of freedom of this discretized structure is equal to 1 (i.e. N, = 4, Ny = 4,
Nea=3 = Ng=2(4)—-4—-3=1). Let us choose the horizontal displacement at point B, denoted by
A1, to represent this single sway degree of freedom and let the corresponding sway pattern be shown
in Figure 12.16(b). Since a point A is fully fixed, a point B can only displace in the direction
perpendicular to the member AB in order to maintain the length of a member AB. Thus, the vertical
displacement of point B must be equal to A; (since the member AB is oriented 45 degree from the
X-axis) and the total displacement of point B is equal to \/EAI. Due to the length constraint of a
member CD along with the constraint provided by a support at point D, the vertical displacement of
point C must vanish and, due to the length constraint of a member BC, the horizontal displacement
of point C must be equal to A;. Once the displacements at all nodes are expressed in terms of A;, the
sway angles of all members can readily be computed using the relation (12.12) and results are
reported in Table 12.4.

P, q
Ml NN NN N
B 3EI G C
2EI
Y
J| L |L 0.75L + 0.75L
(a) (b)

Figure 12.16: (a) Schematic of discretized frame containing 3 members and 4 nodes and (b) sway
pattern associated with the sway degree of freedom.

Table 12.4 Sway angles of all members of discretized frame shown in Figure 12.16(a)

Member Length Sway angle
AB \/EL -A 1/L
BC 1.5L 2A /3L
CD L -A /L

12.6.2.1 Determination of sway angle by instantaneous center of rotations (ICR)

It is evident that determination of the sway angles of all members in the sway structure by the direct
geometric consideration and constraints introduced by the length preservation can become
nontrivial and requires substantial effort when the configuration of the structure is relatively
complex, for instance, structures consisting of multiple and inclined members. Here, we introduce
an alternative to express the sway angles in terms of sway degrees of freedom by using the concept
of an instantaneous center of rotation (ICR).
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Figure 12.17: Schematic of rigid body in motion

To demonstrate the basic concept, let us consider a plane rigid body in motion as shown in
Figure 12.17. At any instant during the motion, there exists a point that acts as a center of rotation
of the entire rigid body and this particular point is known as the instantaneous center of rotation or
ICR of the body. The key properties of the ICR can be summarized as follows.
= The magnitude of the velocity at any point of the body is proportional to the distance
from the ICR and the direction of the velocity is perpendicular to a line connecting the
ICR and that particular point. Let ® be an angular velocity of the body at a particular
instant, the velocity at point A is given by

v, =od,n, (12.67)

where d, is the distance from the ICR to the point A and Ny is a unit vector normal to a
line connecting the ICR and the point A. It is evident from (12.67) that the velocity at the
ICR vanishes.

= A fixed point within the body (if exists) is always the ICR.

= The ICR of a body undergoing a pure translation is at infinity.

= If the direction of the velocity is known at two different points, there are three
possibilities about the ICR. First, if two known directions are coincident and not
perpendicular to a line connecting the two points, the body undergoes a pure translation
in the direction of the known direction and the ICR is therefore at infinity (see Figure
12.17(c)). Second, if the two known directions are coincident and perpendicular to a line
connecting the two points, the ICR can be either at infinity (see Figure 12.17(e)) or on a
line passing through the two points but its exact location cannot be determined except the
magnitudes of the velocity at those two points are also known (see Figure 12.17(d)).
Finally, if two known directions are different, the ICR can be obtained uniquely from the
intersection of two lines that pass through each point and perpendicular to the known
direction of the velocity at that point (see Figure 12.17(b)).

= At any instant, if the ICR and the magnitude of the velocity at one particular point are
known, the angular velocity can be determined from the relation (12.67).
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= The velocities at any point along the same straight line always have the same components
along that straight line (see Figure 12.17(f)).

The ICR concept has a direct application in the determination of sway angles of all members in
terms of sway degrees of freedom since only the sway pattern not the actual sway displacement, as
evident from previous discussion, is required in such task. To sketch a sway pattern associated with
a given sway degree of freedom, we simply imagine that all members in the discretized structure are
fully rigid (to meet the length preservation condition) and connected only by pinned joints (only
chord rotation is needed). Once a particular motion is introduced to this fictitious structure, the ICR
of all rigid members is obtained first by using information such as support constraints and known
directions of nodal movements. Velocity at any point and angular velocity of any member can
subsequently be determined from the ICR concept. By multiplying the resulting velocity and
angular velocity by an infinitesimal time, it finally yields the infinitesimal displacement at each
point and the sway angle of each member. By setting the displacement component at one particular
node to represent the sway degree of freedom, the displacement at all other nodes and the sway
angles of all members can completely be expressed in terms of such sway degree of freedom.

Based on above idea, we can summarize essential steps using the ICR concept to express the
sway angles of all members in terms of a particular sway degree of freedom as follows:

(1) Choose a displacement component at a particular node to represent a sway DOF

(2) Determine the ICR of certain members using support conditions and known directions

of nodal movements;
(3) Compute the sway angle of members that both the ICR and one displacement
component at its end are known by using the following relation

y=A/d (12.68)

where A is the sway angle, A is the known displacement component and d is the shortest
distance from the ICR to the direction of known displacement component as indicated
in Figure 12.18. It is important to emphasize that (12.68) gives only the magnitude of
the sway angle whereas its direction (CW or CCW) should be obvious from the
direction of A and the location of the ICR. For instance, the sway angles of the left and
right members shown in Figure 12.18 are in CW and CCW directions, respectively.

(4) Use information from members whose sway angle is known to identify ICR and one
displacement component at the end of remaining members and then determine their
sway angle; and

(5) Repeat step (4) until the sway angles of all members are obtained.

For a discretized structure containing multiple sway degrees of freedom, above procedure can be
repeated until all sway degrees of freedom are considered. The total sway angle of any member is
equal to the sum of sway angles resulting from all sway degrees of freedom.

L]
N

Member Member

ICR® ICRe—9—

Figure 12.18: Schematic of members whose ICR and one displacement component are known
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To clearly demonstrate above steps, let us consider again the frame shown in Figure 12.16. First, we
choose the horizontal displacement at point B, denoted by A;, to represent the sway degree of
freedom. Since a point A is fully fixed, it is therefore the ICR of the member AB. By using the
relation (12.68), the sway angle of the member AB is equal to yag = —Ai/L (the negative sign
indicates that the sway angle is in CW direction). By using the fact that a point A is the ICR of the
member AB and a point D is the ICR of the member CD (i.e. point D is also a fixed point), the
displacement of point B must be perpendicular to a line AB and the displacement of point C must
perpendicular to a line CD. With this information, the ICR of the member BC can readily be
determined and it is simply the intersection of the line AB and the line CD, denoted by point E as
shown in Figure 12.19. Again, by using the relation (12.68), the sway angle of a member BC is

equal to y,. =A,/CE=2A,/3L. From the known ICR and sway angle of the member BC, the
displacement of point C can be computed as followsA_. = WBC@ =(2A,/3L)(1.5L) = A,. Finally,
with known Ac and the ICR at point D, the sway angle of the member CD can be obtained from
(12.68) as y., =—A./CD=-A,/L.

E e
v
4 Wpe
1.5L
C|Ac
1
______ 1
-- 1
1
1
/ L
.
Wa)/
1
A 4
J L | 1.5L
| [

Figure 12.19: Schematic of the sway pattern of frame shown in Figure 12.16 by ICR concept

12.6.3 Determination of member fixed-end moments

The fixed-end moment at both ends of any member can readily be computed using the relations
(12.17)-(12.18) or (12.20)-(12.21) provided that member loads are given. For certain types of
member loads, values of the fixed-end moments can readily be obtained by using results given in
Table 12.1 along with the method of superposition.

12.6.4 Slope-deflection equations in terms of primary unknowns

The slope-deflection equations for each member in terms of primary unknowns and member loads
can readily be obtained by substituting the end rotations in terms of rotational degrees of freedom,
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the sway angle in terms of the sway degrees of freedom, and the fixed-end moments into equations
(12.15) and (12.16).

12.6.5 Set up equilibrium equations

In this step, we establish a framework to set up a set of independent equations sufficient for solving
all primary unknowns (i.e. nodal rotations and sway displacements). By recalling the use of three
basic sets of equations (i.e. equilibrium equations, kinematics, and constitutive relations), the
constitutive relations have already been utilized in the derivation of the slope-deflection equations,
kinematics have already been employed both in the member level (to derive the slope-deflection
equations) and in the structure level (to relate the primary unknowns to the end rotations and the
sway angle of all members) while equilibrium equations have already been used only in the member
level to derive the slope-deflection equations. It still remains to enforce static equilibrium in the
structural level to relate end moments and end forces of all members to nodal loads. These global
equilibrium equations form a set of equations governing all primary unknowns.

The key governing equations can be separated into two sets: the first set containing N;
equations associated with nodes whose rotations are treated as the rotational degrees of freedom
whereas the second set containing Ny equilibrium equations associated with all sway degrees of
freedom. The total number of equilibrium equations is equal to N; + N which is identical to the
number of primary unknowns. It should be remarked that for a non-sway structure, only the first set
is required to solve for all primary unknowns (i.e. rotational degrees of freedom).

12.6.5.1 Moment equilibrium at nodes

By considering a free body diagram of a particular node (whose rotation is one of primary
unknowns), the moment equilibrium of that node can readily be enforced and yields one equation in
terms of end moments of members joining that nodes and the external moment applied directly to
that node (if exists). As an example, let us consider the frame shown in Figure 12.16(a). It is
recalled that this structure is discretized into three members with four nodes and, therefore, it
consists of two rotational degrees of freedom denoted by 05 and Oc. For this particular case, two
moment equilibrium equations, one associated with moment equilibrium of node B and the other
associated with moment equilibrium of node C, must be set up. To construct these two equilibrium
equations, we first sketch free body diagrams of node B and node C as shown in Figure 12.20 and
then enforce equilibrium of moments at these two nodes. The resulting equations are given by

[ZMnodeB = 0] = Mg, +My. - M, = 0

[ZMnodeC = O] = MCB +MCD = O

where M, is the counter-clockwise moment applied to node B and Mga, Mpc, Mcg, and Mcp are
positive end moments transferred from the member ends to nodes. It is important to emphasize that
due to the positive sign convention for end moments considered in the derivation of slope-deflection
equations, positive end moments transferred to nodes possess clockwise directions.

P
M, ' Mac Mcg | B c
FBC FCB"él
o
MBA}A VBC j—VCD
FBA VBA K FMCD
CD

Figure 12.20: Free body diagram of nodes B and C of frame shown in Figure 12.16(a)
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In general, moment equilibrium at any node P takes the form

*M,, —M,, =0 (12.69)

PQ
where Mpy is a counter-clockwise moment applied to node P (Mpy is considered negative if it directs
in the clockwise direction), Mpq is the end moment transferred from a member PQ to node P, and
the summation is taken over all members joining the node P.

12.6.5.2 Equilibrium equations associated with sway degrees of freedom

To establish Ny independent equilibrium equations associated with all Ny sway degrees of freedom,
the principle of virtual work has been found very attractive over a conventional procedure based
upon a method of section and free body diagrams, and will be employed here. The principle of
virtual work states that the structure is in equilibrium if and only if the internal virtual work (or the
virtual strain energy) and the external virtual work are identical for all admissible virtual
displacements. Since structures under consideration are always in equilibrium with external applied
loads, the internal virtual work and the external virtual work must be the same for any chosen
virtual displacement

To construct an equilibrium equation associated with the i™ sway degree of freedom, we
choose a special virtual displacement identical to the i sway pattern (see Figure 12.21). For this
particular choice of the virtual displacement, all members are straight and subjected only to rigid
rotation (equal to their sway angle) while rotations at all nodes vanish. The member deformation is
therefore localized only at their ends due to the side-sway (see Figure 12.21(b)). As a result, the
internal virtual work of a generic element PQ due to the localized, relative rotation at both ends,
denoted by W, , is given by

SWPQ — _(MPQ + MQP)\VPQ (1270)

int

where ypq is the sway angle of the member PQ and Mpg and Mgp are end moments of the member
PQ. The internal virtual work of the entire structure, denoted by 6Wiy, is equal to the sum of the
internal virtual work produced by all members, i.e.

SWiy = ZWy? = —Z(Myq + Mo )W (12.71)

Virtual displacement

A D
(a) (b)
Figure 12.21: Schematic of (a) sway pattern and (b) virtual displacement

>
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The external virtual work due to all applied loads, denoted by dWex, can be computed by using
following three results: (i) the external virtual work due to a concentrated force is equal to the
product of that force and the corresponding virtual displacement, (ii) the external virtual work due
to a distributed force is equal to the product of its resultant and the corresponding virtual
displacement at the location of its resultant, and (iii) the external virtual work due to a concentrated
moment within the member is equal to the product of that moment and the corresponding virtual
rotation. The adjective corresponding is used to emphasize that the displacement or rotation is
considered in the direction and at the location of the applied load or its resultant. It is also important
to emphasize that concentrated moments applied directly to nodes do not contribute to the external
virtual work since rotations at all nodes of the chosen virtual displacement vanish. Once the external
virtual work and the internal virtual work are obtained, the equilibrium equation for the i sway
degree of freedom is given by

SW. =8W,

ext

(12.72)

To clearly demonstrate above procedure, let us consider again the frame shown in Figure 12.16(a).
The sway pattern obtained from the ICR concept (and used as a virtual displacement) is shown
again in Figure 12.22 along with applied loads. The sway angles for members AB, BC and CD in
terms of the sway degree of freedom A; are summarized again here as yag = —A\/L, ypc = 2A1/3L
and ycp = Ai/L. By using equation (12.71), the internal virtual work dWiy for this particular frame
becomes

OW, = —(M 5 + My )W 5 = (Mpe + M)Wy —(Mep + Mpe)W

= (M, +My A, /L—(My. +Mg,)(24, /3L)+ (M, + M)A, /L

1.5L

L2

L2

| L | 3L/4 | 3LA4

| | [

Figure 12.22: Schematic of the virtual displacement obtained from the sway pattern
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The external virtual work O6W due to the concentrated forces P; and P, and the distributed force q
is given by

W, = P (W 0 )(L) + P, (W )(L/2) + (BAL/4)(y 5 JBL/S) = PA, +P,A, /2+3qLA, /16

Note again that a moment M, applied to node B does not contribute to SWey. An equilibrium
equation associated with the sway degree of freedom is then obtained by equating OWex; and O Wiy
and then cancelling A;:

SW,, =8W,, = (M,,+M,,)/L—=2(My.+M,)/3L+(Mg,+Mp.)/L=P +P,/2+3qL/16
For this particular frame which contains three primary unknowns {6p, O¢, A}, three independent
equilibrium equations sufficient for solving all these unknowns are summarized again below:

Mg, +My.—M, =0
My +M, =0

(M, + M, )/ L=2(M. + M) /3L+ (Mo, +Mp.)/L=P +P,/2+3qL/16

where the first two equations are associated with moment equilibrium at nodes B and C and the last
equation is an equilibrium equation corresponding to the sway degree of freedom. These three
equations can be further expressed in terms of the primary unknowns by employing the slope-
deflection equations obtained previously for each member.

12.6.6 Solve for primary unknowns and determine other quantities

After a complete set of equilibrium equations is established, all primary unknowns can be obtained
by solving a system of linear algebraic equations. Once all primary unknowns are determined, other
quantities such as the end moments, the end shear forces, the end axial forces, and support reactions
can be computed. For instance, the end moments of each member can be obtained from the slope-
deflection equations (12.15) and (12.16) by substituting the solved end rotations and sway angle.
Once the end moments are known, the end shear forces can be computed from two equilibrium
equations such as ¥M_,, =0 and XM ,, =0 or EM_,, =0 and XF, =0 (see the free body

diagram of a generic member AB in Figure 12.23 for clarification).

wfh s

M
NAB/<

VAB

end A end B end A

Figure 12.23: Free body diagram of generic member AB
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The axial force at both ends of the member can not be obtained directly from force equilibrium of
such member but it is required to consider force equilibrium at nodes (see detail procedure in
following examples). After end forces and end moments are determined, all reactions can be
obtained by considering equilibrium at supports. Finally, the axial force diagram (AFD), the shear
force diagram (SFD) and the bending moment diagram (BMD) for all member can be constructed
using standard procedure as discussed in Chapter 2. The displacement and rotation at any point
within the member can also be computed using various techniques such as the method of moment
area, the method of conjugate structure analogy, the unit load method, or even the slope-deflection
equations.

All essential steps in the analysis of structures by the slope-deflection equations as described
above are summarized again in a form of a diagram shown in Figure 12.24 in order to see the
overall picture of the method.

Discretize structure into R
nodes and members

|

Identify all unknowns:

Write mome

Slope-deflection equilibrium at joint &

nodal rotations & sways method equilibrium
Identify end rotations Determine fixed-end Write slope-deflection |
and sway angle of each | moment for each | equations for each
member member member

Figure 12.24 Diagram showing all essential steps in analysis of structures by slope-deflection
equations

Example 12.9 Use a method of slope-deflection equations to analyze a continuous beam under
external loads shown below for two cases: (1) no support settlement and (2) supports B and C are
subjected to downward settlements A, and 2A,, respectively. The Young modulus E and the
moment of inertia I are assumed to be constant throughout the structure.

qL 2qL q
2 1 l qL}K\/ N N N N N N N
AA !
B C
W |
T 2 Vo oL»2 L i L r
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Solution Due to the geometry and flexural rigidity of the given beam, it is discretized into two
members (i.e. members AB and BC) with three nodes (i.e. nodes A, B, and C). The number of
rotational degrees of freedom is given by N; = 3 + 0 — 1 = 2 while the number of sway degrees of
freedom is given by Ny = 3 — 3 = 0. Therefore, the number of primary unknowns is equal to 2 and
they are the rotations at nodes B and C (i.e. 0 and 0¢).

Now, let us consider the first case where there is no support settlement. The end rotations,
the sway angle, the fixed-end moments, and the two slope-deflection equations for the members AB
and BC are given below.

Member AB For this member, 05 =0, yap = 0 and
_gL(L/2)3L/2) 2qL(2L) _25qL

FEM
» (2L’ 8 1
2 2
FEM, = - qLBL/ 2)(2L /2" 2qL(2L) _ 19qL
(2L) 8 )

The slope-deflection equations become

2 2

M, = 040,)- 6EI(0)  25qL" _EIB,  25qL (©12.9.1)

2L 2L 32 L 32

2 2

M,, = E(m 2,)- 6EI(0) 19qL’ _2EIf, 19qL (€12.9.2)

2L 2L 32 L 32
Member BC For this member, ygc = 0 and

ql’
FEM,.=—
BC 12
ql’
FEM_, = —-—
CB 12
The slope-deflection equations become
2 2

M, = E(zeB +6,)- 6EI0) gL’ _4EIB, 2EI0 gL’ (€12.9.3)

L L 12 L L 12

2 2

M, = 2 (20, +p,)- SENQ _aL _2EI6,  4EW. L (€12.9.4)

L L 12 L L 12

To solve for the two primary unknowns 0 and O, it is required to set up two equilibrium equations
and for this particular case (the discretized structure is non-sway), these two equations come
directly from moment equilibrium of nodes B and C. The slope-deflection equations obtained above
are used to express such equilibrium equations in terms of the primary unknowns 0 and Oc¢ as
demonstrated below.

Moment equilibrium at node B

[ZMnodeB = O] = My, + Mg, —qL* =0
2 2
[213193 _19qL ]{4}3193 L 2EI6. gl J _qr?

L 32 L L 12
2
6EI0, . 2EI6. _ 145qL (€12.9.5)
L L 96
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Moment equilibrium at node C

[EMnodeC = 0] = MCB =0

2
2EI0, N 4EI6. _qL (12.9.6)
L L 12
By solving two linear equations (€12.9.5) and (e12.9.6) simultaneously, it leads to
EIO, _ 0.2938qL” (e12.9.7)
Ec _ _0.1260q12 (12.9.8)

Once the primary unknowns (0 and O¢) are solved, the end moments of each member can readily
be obtained by inserting Og and O¢ into the slope-deflection equations (€12.9.1)-(e12.9.4) and,
subsequently, the end shear forces can directly be computed from equilibrium of the member as
shown below.

Member AB
Free body diagram:
Vi qL. 2qL Vi
v O 1A | | r\M
AB\ B/ VBa

| 12 L/2 L |

T + + 1
End moments:

2 2

©129.1) = M,, =20 2591 _ 5938412 + 229E _ | g75q12

_2EI9, 19qL’
L

2
9L _ ) 00625q12

(e129.2) = M,, =2(0.2938qL%) -

End shear forces:

[EM,..s =0] = V,,(2L)-M,;—~M,, —qL(L/2)-2qL(L)=0 = V,, =2.2844qL

[ZF, s =0] = Vig+ Vg —qL-2qL=0 = V,, =0.7156qL
Member BC
Free body diagram:

q Vg

A%
r/\/\/\/\/\/\/\/\\

JMCB
_+ L

MBC

End moments:

_4EI0, 2BI6. gL’ ’

(€12.9.3) = M, 5 5 —2=4(0.2938qL2)+2(—O.126OqL2)+%=1.00625qL2
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_ 2EI0, , 4EI6. qU’ 3

L
e1294) = M = 2(0.2938q12) + 4(—0.1260qL2) - 3= = ¢
( ) 3 3 5 ( ql™) +4( ql’) B

CB
End shear forces:
[EM,4c =0] = Vye(L)=Mu.—Mg —qL(L/2)=0 = V,.=1.50625qL

[SF, emmerne =0] = Vo + Vg —qL=0 =V, =—0.50625qL

All support reactions are obtained by enforcing equilibrium of nodes A, B and C as indicated below.

VAB VBA qu VBC VCB

R C QKL\/MAB MBAQ_@_D M, MCBQ;@
L °F 1

CY

Node A Node B Node C

Node A: R,, =V,, =2.2844qL Upward ; R,,, =M, =1.075qL> CCW
Node B: R, =V, +V,. =2.2219qL Upward
Node C: R, =V, =-0.5063qL Downward

The shear force diagram (SFD) and bending moment diagram (BMD) of the beam are shown below

qL 2qL q
2
'd 1 l qL PN N N NS N N N N N
N P
L i L
L2 L2 L L
2.2844qL
1.2844qL 1.50625qL
0.50625qL
SFD
-0.7156qL
0.7094qL>
0.0672qL?
BMD
-0.00625qL*
-1.075qL? -1.00625qL>
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Next, let us consider the second case where points B and C are subjected to prescribed downward
settlements. It should be remarked that while support settlements at points B and C induce non-zero
sway angle to members AB and BC, there is still no sway degree of freedom. This is due to that
nodes B and C are not allowed to move freely. The slope-deflection equations for the two members
for this particular case are slightly different from the first case in that the known, non-zero sway
angles must be included as shown below.

Member AB For this member, 04 = 0, yag = —Ao/2L, FEMag = 25qL*/32, and FEMga = —19qL?%/32.
The slope-deflection equations now become

2 2
M,, =20 SEIf A}, 251 _EI9,  3BIA, | 25qL (€12.9.9)
L 2l 2u) 32 L 22 3
2 2
M, - 2E GEI( A,) 19 2EI, 3EIA, 19 (€12.9.10)
L 20\ 2L) 32 L 20 32

Member BC For this member, ygc = —(2A0—Aq)/L = —A¢/L, FEMgc = qL*/12, and FEM¢g = —qL%/12.
The slope-deflection equations now become

2 2

M, = 4E10, 2EI0. 6EL( A,) qU' _4EIO, 2EI0. 6EI2A0 Lar (e12.9.11)
L L Ll L) 12 L L L 12
2 2

M, = 2EI0, 4EIO. 6EI( A,) gL’ _2EI0, 4EI0. 6EIZA0 ql? (€12.9.12)
L L Ll L) 12 L L L 12

The two moment equilibrium equations at nodes B and C in terms of the primary unknowns 0 and
Oc become

Moment equilibrium at node B

[ZMnodeB = 0] = MBA +MBC _qL2 = 0
2 2
2EI6, 3EI§0 _19qL" | [ 4EI0, 2EIO. 61312A0 Lav ) _ o
L 2L 32 L L L 12
6EI0, 2EI0. _ 145qL”  15EIA,

e12.9.13

L L 96 217 ( )
Moment equilibrium at node C
[ZMnodeC = 0] = MCB =0

2
2EI0, | 4B10 _qL°_GFIA, (e12.9.14)

L L 12 U
By solving equations (€12.9.13) and (e12.9.14) simultaneously, we obtain
E9y _ 2038412 _% (€12.9.15)
B _ _0.1260q12 - 21 (e12.9.16)

After O and O¢ are solved, the end moments and end shear forces of members AB and BC, support
reactions, and SFD and BMD can readily be obtained in the same manner as the first case.
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Example 12.10 Use a method of slope-deflection equations to analyze a rigid frame under external
loads shown below. The flexural rigidities of all members are indicated in the figure.

q
A
2 = 4
v LILI0, 4
EI L3
3qL == —9—
2EI
21L/3
C
. —$—

Solution To minimize the number of primary unknowns, the given frame is discretized into two
members (i.e. members AB and BC) with three nodes (e.g. nodes A, B, C). The number of
rotational degrees of freedom is given by N, = 3 + 0 — 1 = 2 while the number of sway degrees of
freedom is given by Ng = 2(3) — 4 — 2 = 0. Therefore, the number of primary unknowns is equal to 2
and they are the rotations at nodes A and B (i.e. 05 and 0p).

The end rotations, the sway angle, the fixed-end moments, and the slope-deflection equations
for the members AB and BC are given below.

Member AB For this member, yap = 0 and

2 2
FEM,, = q(sz) (4072 -301/2)*) = %

1 gL

FEM,, = - q(f;)z (6(1/2)° -8(1/2)° +3(1/2)*) =

The slope-deflection equations become

2 2
M,, = 2EL (20, +6,)- 6EI(0)  SqL° _2EI0, EIO, 5qL (€12.10.1)
L 2L 48 L L 48
2 2
M,, = 2EL(g, 420,)-SENQ) _1laL' _EI6,  2E10, llgL (€12.102)
2L 2L 48 L L 48
Member BC For this member, 6c = 0, ypc = 0 and
2 2
FEM,_ = — (BqL)(L/ ?;)(ZL /3) __ 4qL
L 9
2 2
FEM. - (3qL)(2L/23)(L/3) _2qL
L 9
The slope-deflection equations become
2 2
M, = 22ED (5q, 1 0)- SC2EDO) _4dL" _8EID, 4L (e12.10.3)
9 L 9
2 2
M, = %EI) (6,+0) 6(2ED(0) 2(19L _ 4EL16B N 2qu (€12.10.4)
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Since the discretized structure is non-sway, two equilibrium equations in terms of 04 and 6 can be
obtained directly by forming moment equilibrium of nodes A and B and then applying above slope-
deflection equations as follows.

Moment equilibrium at node A

[EM, 62 =0] = M, ;+qL’ =0
2
2E10, | EI0,  5qL
L L 48
2E10,  EIO, _ 53qL’

+ql’ =0

= el2.10.5
L L 48 ( )
Moment equilibrium at node B
[ZMnodeB = O] = MBA +MBC = 0
EIO,  2EI6, 11qL°) (8EI6, 4q°) o
L L 48 L 9
2
EIO, _ 10EI6, _97qL (€12.10.6)
L L 144
By solving equations (¢12.10.5) and (e12.10.6) simultaneously, we obtain
EIB, ,
=—-0.6166qL (e12.10.7)
EI9 _ 0.120041 (€12.10.8)

After the nodal rotations 0g and O¢ are determined, the end moments and end shear forces of
members AB and BC can be computed as follows.

Member AB
Free body diagram:
q V,
MABrVAB | | | | | B‘A\MB A
FAB_d A B r Fya
| L | L |

End moments:

2
__2E10,  EIO,  SqU
L L 48

2
(€12.102) = M,, =20  2E10; 1ldL
L L 48

(el2.10.1) = M

2
— 2(=0.6166qL%)+0.1290qL> + % g2

11gL*

= —0.6166qL* +2(0.1290qL*) - = —0.588qL?

End shear forces:

[EM,.5=0] = V,,(2L)~-M,, -M,, —qL(L/2)=0 = V,, =-0.544qL
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[2F, pemperas =0] = Vg + Vg —qL=0 = V,, =1.544qL
End axial forces:
[ZF, pemperan =0] = Fp +F,, =0 (12.10.9)
Member BC
Free body diagram:
Moy
Vi B ——
L/3
3qL == —o—
2L/3
VCB_VC -
M }
CB FCB
End moments:
2 2
(€12.10.3) = M, = %—ﬂ =8(0.1290qL%) _dab 0.588qL?
2 2
(e12.10.4) = M, = 4EL16 291 _ 400120012y + 295 — .73841

End shear forces:
[EM,yc =0] = Vye(L)—Mye—M, +3qL(2L/3)=0 = V,. =-0.674qL
I:Z Y, member BC — ] = VBC + VCB + 3C1L =0 = VCB = _2326qL

End axial forces:

I:ZFx,memberBC :O:I = FBC +FCB :O (6121010)

It should be noted that enforcing equilibrium of members does not yield the end axial forces but
only provides their relation. Now, by considering equilibrium of all nodes, we can obtain sufficient
equations to determine the end axial forces and also all support reactions.

FCB
qu M VBAB \Y/
R, ™= L E, A<—€ LYy
e TS Fn.
TMBC RCM
R,y F,. Rey
Node A Node B Node C

Node C: F,.=V,, =1.544qL ; F,, =—V,. =0.674qL
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(e12.109) = F,;=-F;, =-0.674qL and (e12.10.10) = F., =-F,. =—-1.544qL

Node A: F,, =-0.674qL Leftward ; R =-0.544qL Downward

Rux = ay = Vap =
Node E: R., =V, =-2.326qL Leftward ; R, =-F., =1.544qL Upward ;
Ry =M, =0.738qL> CCW

The AFD, SFD and BMD for members AB and BC can also be obtained using standard procedure.
Example 12.11 Use a method of slope-deflection equations to analyze a beam under external loads

shown below. The flexural rigidity of segments AB, BC and CD are given by 2EI, EI and EI,
respectively.

qL q 2qL
A 2EI B El EI D
C
W .
T L2 T L2 L L/2

Solution Since the segment CD is a statically determinate segment (i.e. the shear force and bending
moment at every point within this segment can readily be obtained from static equilibrium), a
reduced structure equivalent to the given beam can be obtained by eliminating the segment CD and
then replacing it by a set of force and moment acting at point C as shown below.

2qL
qL q 1
7 l v NN NN \:ﬁ qL2
A 2EI B EI
f 4
| | | 4%
T 12 T L2 L

Now, let us discretize the beam shown above using the minimum member strategy. Since the
segment ABC is not prismatic, a point B must be treated as a node. The discretized structure
therefore consists of three nodes (i.e. nodes A, B, and C) and two members (i.e. members AB and
BC). The number of rotational degrees of freedom is given by N, =3 +0 — 1 = 2 (i.e. 05 and 0¢)
whereas the number of sway degrees of freedom is equal to Ny =3 — 2 = 1 (the deflection at point B,
denoted by Ag, is chosen to represent this sway degree of freedom). Therefore, the total number of
primary unknowns is equal to 2 + 1 = 3 (i.e. O, Oc and Ag). The sway pattern associated with the
sway degree of freedom is sketched as shown below.

oL 2qL
1 Hog
— ~ ~ ~ \:’ qL2
A a2 A~Bf2__ BlA _éfi/—zi"\{VBc
-7 C
L |
T 2 T L2 L
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The end rotations, the sway angle in terms of the sway degree of freedom Ag, the fixed-end
moments, and the slope-deflection equations for the members AB and BC are given below.

Member AB For this member, 05 = 0, wap = —Ap/L and

2 2
FEM, _(@bL _qL" . FEM,, —— (L)L _ qL°
8 8 8 8

The slope-deflection equations become

2 2
M, - 2(2ED) 22ED (5 4.40,)- 6(2EI)( Ay j qL’ _ 4EI6, 12E£AB Lar (e12.11.1)
L L 8 L L 8
2 2
M, = 2(2EI)(0 26,)- 6(2EI)(_£}_£ _ 8EIb, . 12E£AB _qL (e12.11.2)
L L 8 L L 8
Member BC For this member, ygc = Ag/L and
ql’ | qL’
FEM,.=-— ; FEM_ =———
BC 12 CB 12
The slope-deflection equations become
2 2
M., =E(29B 0.)- 6EI LU _4EI0,  2EI0. 6E12AB Lav (e12.11.3)
L L L 2 L L L 12
2 2
Mo, =2 (0, + zec)_@(ﬁj_ gL _2EI0, | 4EI0. _OFIA, gL (12.11.4)
L L{L) 12 L L L 12

Next, we need to set up three equilibrium equations to solve for three primary unknowns 0z, 6¢c and
Ag; two of them are obtained from moment equilibrium at nodes B and C and the third one is an

equilibrium equation associated with the sway mode. The first two equations are obtained as
follows.

Moment equilibrium at node B

[ZMnodeB = 0] = MBA +MBC = O
[SEIGB J12E1A, gl }{415193 L 2EI6 GEIA, qu) 0

L L 8 L L |0 12
2
12E16, N 2EI0, N 6E12AB _9qL (el2.11.5)
L L L 24
Moment equilibrium at node C
[ZMnodeC = 0] = MCB +qL2 =0
2
2E16, | 4EI0. 6E12AB gLt +ql2 =0
L L L 12
2
2EI0, + 4EI0. 6E12AB __ l1gL (e12.11.6)
L L L 12

The last equation is obtained by applying the principle of virtual work with the displacement
associated with the sway pattern being chosen as the virtual displacement. The calculation of the
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external virtual work and the internal virtual work and the setup of a sway equilibrium equation are
shown below.

dW,, =(qL)(Ag /2) +(qL)(Ag /2) = qLA,
OW, = (M5 + My )W 5 = (Mpe +Mep)Wye = (Mg + My )A, /L =(Mpe + M)A, /L
Swext = SWim = qLAB = (MAB +MBA )AB /L_(MBC +MCB)AB /L

= M +Mg, —Myc —Mg; = qu

6EE@B ~ 6EI{9C N 361;3;AB _ql (€12.11.7)

By solving a system of three linear equations (e12.11.5), (e12.11.6) and (e12.11.7), we obtain
EI0,

—0.0781qL” (€12.11.8)

Ee _ 3281412 (€12.11.9)
EIA

2 003991 (12.11.10)

Once all primary unknowns are solved, the end moments of members AB and BC are obtained from
the slope-deflection equations (e12.11.1)-(e12.11.4) and the end shear forces can be computed from
equilibrium of members as shown below.

Member AB
Free body diagram:

VAB
MABQA ! Br\

il L2 lIL/z 1|

End moments:

2 2
_ 4EI0, | 12F1A, q;‘ = 4(0.0781L%)+12(~0.0399qL?) +% = -0.0417qL?

el2.11.1) = M,,

L 2
2 2
(e12.112) = M,, = SEE)B + lngB - q; = 8(0.0781qL2)+12(—0.0399qL2)—% =0.0208qL*

End shear forces:

[EM,5 =0] = V,,(L)-M,, -M,, —qL(L/2)=0 = V,, =0.479qL

[SF, e =0] = V4V, —qL=0 = V,, =0.521qL
Member BC
Free body diagram:
q
M r N N N NN NN \/T\M
*N/B c/ e
V,
P | e |7
f f
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End moments:

_4EIB,  2EI6. 6EIA, ql’

el2.11.3) = -
( ) ] - = =
2
=4(0.0781qL*) +2(-0.3281qL*) + 6(~0.0399qL*) + % =—0.0208qL>
2
(el2.11.4) = _2EI0,  4EI0. GEIA, gL

¢TL L 12

= 2(0.0781qL*) + 4(~0.3281qL*) — 6(=0.0399gL*) —Ci—lj =—qL’
End shear forces:
[EM,.c =0] = Vue(L)~M,.~Mg, —qL(L/2)=0 = V,.=-0.521qL

I:Z Y, memberBC ] = VBC +VCB _qL:O = VCB =1521qL

All support reactions can then be obtained from equilibrium of nodes B and C as follows:

Vis VCquL
a_ \um ¢
Rm \ I ‘/ M, qL
RAY %
cy
Node A Node C

Node A: R,, =V,, =0.479gL Upward ; R,, =M,, =-0.0417gqL> CCW
Node C: R, =V +2qL =3.521qL Upward

The shear force diagram (SFD) and bending moment diagram (BMD) of the beam are shown below

qL q 2qL
A 2EI B El El D
| !
T L2 | Lr L L2
2qL
0.479qL
SFD
-0.521qL
0.2813qL’ -1.521qL
0.0417qL? 0.0208qL*
BMD
_qL2
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Example 12.12 Use a method of slope-deflection equations to analyze a rigid frame under external
loads shown below. The flexural rigidity of segments AB, BCE and CD are given by 2EI, EI and
2EI, respectively.

TITIL

C E 1

L2

L2

D W

Lol 9

L2 |
1

Solution Similar to the previous example, a statically determinate segment CE can be eliminated
and replaced by a downward force qL/2 and a clockwise moment qL*/8 acting at a point C as
indicated below. Once the reduced structure shown below is analyzed, results for the segment CE
can readily be included.

qlL/2
1 2
lf 7 aL/8 —
C
L2
L2
D
FAr7 A
L

Now, let us discretize the reduced structure into three members (i.e. members AB, BC and CD) with
four nodes (i.e. nodes A, B, C, and D). The number of rotational degrees of freedom is given by N;
=4+ 0 —2 = 2 (with two unknown rotations 0 and 0¢) and the number of sway degrees of freedom
is equal to Ny = 2(4) — 4 — 3 = 1 (with the displacement at point C, denoted by A;, being chosen to
represent this sway degree of freedom). Thus, the total number of primary unknowns is equal to 2 +
1 = 3 (with all primary unknowns in terms of 0, O¢c and A;). The sway pattern associated with the
sway degree of freedom can be sketched as indicated below.

By using the ICR concept, the displacement at any point and the sway angle of all members
can be expressed in terms of the sway degree of freedom A; as follows. Since a point D is a fixed
point, it is the ICR of the member CD. By using the relation (12.68) along with the known ICR and
known horizontal displacement at point C, the sway angle of the member CD is equal to ycp = —
A1/L. Since a point A is a fixed point, it is the ICR of the member AB. By using the fact that the
movement of point B is perpendicular to the member AB and the movement of point C is
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perpendicular to the member CD, the location of the ICR of the member BC can readily be obtained
from the intersection of the line AB and the line CD, denoted by a point O. Again, by using the
relation (12.68) along with the known ICR and known horizontal displacement at point C, the sway
angle of the member BC is equal to ypc = Aj/L. Now, the horizontal displacement at point B can
readily be obtained from Agy = ypc(L) = A; (Rightward). Finally, by using the relation (12.68)
along with the known ICR and known horizontal displacement at point B, the sway angle of the
member AB is equal to yap =-Aj/L.

0] 4
VBC
WBC
qL L
L2
] q
VN A N N N Al
o T
By ---- qL?/8 C.
E e ! L/2
// !
2qL -, o ! e
’ ‘ 1
' [ Wep L/2
AR\ A
P -
A D
1 L 1 L
[ [

The end rotations, the sway angle in terms of the sway degree of freedom A;, the fixed-end
moments, and the slope-deflection equations for the members AB, BC and CD are given below.

Member AB For this member, 64 = 0, wap = —A1/L and

_(2q)L _gl*

2
FEM,, . 7 ; FEM,, = _(2aD)L __a

8 4

The slope-deflection equations become

2 2
M,, = 22ED (5 o, ) 6CED (—ﬁ} ql’ _ 2V2EI6, 6\/51;ZIA1 ,ar (e12.12.1)
V2L 2Ll L) 4 L L 4
2 2
My, = 2ZED (0, 20,)-SCED(_A)_dl' _ 42EIB,  6V2EIA, _gL® (12.12.2)
V2L N L L 4
Member BC For this member, ygc = Ay/L and
ql’ . qr’
FEM,.=-—— ; FEM_, =———
12 R V)
The slope-deflection equations become
2 2
M, =25 (20, + ec)—@(ﬁj+£ _ 4EI6,  2EIO. OEIA,  dL (€12.12.3)
L L) 12 L L L 12
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2 2

M, = 22 (0, +20, ) - 251 A} _ab _2FI0, | 410 OEIA, ol (e12.12.4)
L L \L 12 L L L 12

Member CD For this member, Op = 0, ycp = —A1/L, FEM¢p = FEMpc = 0, and the slope-deflection
equations become

M, - 2(2EI) (20, +0) 6(2EI) (—ﬁ}ro _8EIO. 12E21Al (€12.12.5)
L L L L L
2(2EI) 6(2ED)( A, 4EI8. 12EIA,
Mpe ==—2(0, +0)-——2 -=L | = + el12.12.6
L (0c+0) L ( L L U ( )

Two moment equilibrium equations associated with nodes B and C are obtained as follows.

Moment equilibrium at node B

[ZMnodeB = 0] = MBA +MBC =0
[4\/511:3193 62, qU’ j+[4EIGB L 2EI6. GEIA, gL’ ] o

L 4 L L L 12
2
4(1+~/2)EI0, L 2BI0. 6(x2 —21)EIA1 _qL (€12.12.7)
L L L 6
Moment equilibrium at node C
[ZMWleC = O] = My +M+ qL2 /8=0
2 2
2E10,  4EI0. 6E12A1 gL’ (8EIO. 12E21A1 Lo
L L L 12 L L 8
2
2E10,  12EI0. 6E12A1 _ U (e12.12.8)
L L L 24

The third equilibrium equation associated with the sway degree of freedom is obtained, as shown
below, by using the principle of virtual work along with the sway pattern being chosen as a special
choice of the virtual displacement.

SWe = (2qL)[W 5| (L /2) + (L) [W e [ (L) + (AL) [Wsc [ (L/ 2) + (qL/ 2) [y [ (0) = SqLA, /2
W, = (Mg + M W 5 = (Mpe + Mep)ype —(Mep + M)y

=M,z +Mp A, /L=(Mpc +Mp)A, / L+ (M, + M)A, /L
dW_, =W,

= 5qLA, /2=(M,; + My )A, /L=(My. + M)A, /L+ (Mg, +Mp)A, /L
= M,; +My, —M,. ~M, + M, + My =5qL° /2

6(x/2 —~1)EI0, L 6EIB. 1203+ J2)EIA,  5qL?
L L L 2

(12.12.9)

By solving a system of three linear equations (e12.12.7), (e12.12.8) and (e12.12.9), we obtain
EI0,

=0.0106qL> (12.12.10)
EI6,.

=-0.0303qL” (el2.12.11)
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EIA _ ) s01q1? (e12.12.12)

Once all primary unknowns are solved, the end moments of members AB, BC and CD are obtained
from the slope-deflection equations (e12.12.1)-(e12.12.6) and the end shear forces can be computed
from equilibrium of members as shown below. In addition, relations between the end axial forces
are also obtained from equilibrium of forces along the axis of each member.

Member AB
Free body diagram:
MBA
]R>; FBA L
VBA
L/2
2qL ==/ F ——
L/2

A
MA§\(J\'VAB RS
Fis IL L

End moments:

2\/ 2EI0, 6+/2EIA,
(el2.12.1) = M,, \/_Lz

4\/ EIO 6\/ EIA,
(el2.12.2) = M,, =

A 242(0.0106gL%) +6+/2(0. 0501qL2)+ oL’ = 0.706qL>

qi = 442(0.0106qL%) + 6/2(0. 0501qL2)—T—0236 ql?

End shear forces:
[EM,,s =0] = V,,(2L)-M,,-M,, —2qL(L/2)=0 = V,, =1.373qL
I:Z Y, memberAB j‘ = VAB +VBA _2qL/\/§ = O = VBA = 0042qL

End axial forces:

[ZF, pemperan =0] = Fp +F, +2qL/2 =0 (e12.12.13)
Member BC
Free body diagram:
q V,
NIBCVB cB Mg
BC ; B C r ; A FCB
} L J|

End moments:

_4EIB, 2B, 6EIA, q®

el2.12.3) = -
( ) Be L L I’ 12

Copyright © 2011 J. Rungamornrat



FUNDAMENTAL STRUCTURAL ANALYSIS 587
Jaroon Rungamornrat Method of Slope-deflection Equations

2

= 4(0.0106qL) + 2(~0.0303qL*) — 6(0.0501qL>) + % = -0.236qL’

2
(12.124) = M, =20, 4EIBc 6E12A1 gL
L L 12

2
qu = —0.484qL>

=2(0.0106qL") +4(-0.0303qL*) - 6(0.0501qL*) —
End shear forces:

[EM 4c =0] = Vue(L)-My—Mg, —qL(L/2)=0 = V,.=-0.220qL
I:Z Y, member BC :I = VBC +VCB _qL = 0 = VCB = 1220qL

End axial forces:

[F, empernc =0 = Fye+Fey =0 (e12.12.14)
Member CD
Free body diagram:
F,
Mg, | P
A

VCD C P

End moments:

(€12.12.5) = M, =8E£e IZEIA =8(-0.0303qL*) +12(0.0501qL*) = 0.359qL*
(el2.12.6) = DC=4EEG 12EIA =4(-0.0303qL*) +12(0.0501gL*) = 0.480qL”

End shear forces:

[ZMendD = 0] = V(L) —Mpe —My =0 = V., =0.839qL
I:Z y, member CD — O:' = VCD +VDC =0 = VDC = _0839qL

End axial forces:

[ZF, embercp =0] = Fep+Fpe =0 (e12.12.15)

The support reactions and end axial forces are obtained by considering equilibrium of nodes A, B, C
and D as shown below.
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qL qL2 Foc

,7{ FAB M v
Aé\\ Moy AL VDCfT\
R, =) " Vg C

R,y

Ve

‘_V
M, \Y B 1=V R #7J77D .
J DX
AY F;, M, Ry |
Fop DY
Node A Node B Node C Node D

Node C: F., =V, =-0.839qL ; F., =V, +qL/2=1.720qL

(e12.12.14) = F,.=-F,;=0839qL and (el2.12.15) = F,.=-F,,=-1.720qL
Node B: F,, =-F,./~2-V,./\2-qL/+2 =-1.145qL ;

(el2.12.13) = F,, =—-F,, —2qL/+/2 =-0.269qL

Node A: R, =F,,/v2-V,,/~2=-1.161qL Leftward ;
R,, =F,/+2+V,,/+2=0.780qgL Upward ;
R,, =M,, =0.706qL> CCW

Node D: R, =V,.=-0.839qL Leftward ;
R,, =-F,. =1.720qL Upward ;
R,y =M. =0.480qL° CCW

The AFD, SFD and BMD for members AB, BC, and BC can also be obtained using standard
procedure.

12.7 Treatment of Special Structures

In this section, we demonstrate the applications of the slope-deflection method to certain classes of
structures such as structures containing hinges and structures possessing symmetric geometry and
subjected either to symmetric or anti-symmetric loading conditions. These special structures hold
several attractive features that, when properly utilized, allow the significant reduction of the
analysis effort; for instance, the number of primary unknowns and governing equilibrium equations
can substantially be reduced. The key component that contributes to such reduction is a set of
modified slope-deflection equations discussed in section 12.5. Several examples are presented
further below to clearly demonstrate the application of such modified equations.

12.7.1 Structure containing points of prescribed bending moment

Here, we focus attention on structures that contain points where the bending moment is prescribed
or known a priori. For instance, a beam shown in Figure 12.25(a) contains points A and D where
the bending moment is known (i.e. Ma = 0 and Mp = My) and a gable frame shown in Figure
12.25(b) contains an interior hinge at a point C (i.e. M¢c = 0) and a point E where the bending
moment vanishes (i.e. Mg = 0). As clearly discussed in the previous section, an interior hinge
cannot appear within the member in the discretization process and presence of such internal
moment release at nodes generally introduces additional independent rotational degrees of freedom.
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For instance, at the point C of a gable frame shown in Figure 12.25(a), there are two independent
rotational degrees of freedom (i.e. ¢ and O¢Rr), one associated with the rotation at a point just the

left of the point C and the other corresponding to the rotation at a point just to the right of the point
C.

C
1S D
q P
JlllL] | Mo
A 88 25, 2 E
A B C D 777
(a) (b)

Figure 12.25 Schematic of structures containing points where bending moment is known a priori:
(a) continuous beam and (b) gable frame.

Now, let PQ be a generic member in the discretized structure that the end moment Mqp is
prescribed or known a priori, i.e. Mgp = Mqgo where Mgy is a known moment. Following the same
procedure as discussed in subsection 12.5.1, the rotation at the end Q (where the end moment is
known) can be obtained in terms of the rotation Op, the sway angle ypq, the fixed-end moment
FEMgqp, and the prescribed moment Mg by using the slope-deflection equation at the end Q as
follows:

6EI 1. 3 L
2eQ+e,,)—T\pr+FEMQP:MQ0 = 0y =—=0, + =y, ——(FEMy, —M,, ) (12.73)

- 2B
2" 27" 4K

My, =

It should be noted that the relation (12.73) can be employed to compute the rotation at the end Q

once the rotation at the end P and the sway angle ypq are solved. By inserting the rotation 6 given
by (12.73) into the slope-deflection equation at the end P, such equation now becomes

=250, -2 vy + FEMo (12.74)

My ==-

where FEMpq is the modified fixed-end moment at the end P given by

FEMprq = FEM,, —%FEMQP JF%MQ0 (12.75)

By following the same procedure, we can also obtain the modified slope-deflection equation at the
end Q, for the case that the end moment Mpq is prescribed equal to Mpo, in a form

3EI 3EI —

M
L
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where FEMqp is the modified fixed-end moment at the end Q given by

FEMor = FEM,,, —%FEMPQ +%MP0 (12.77)

Once the rotation at the end Q and the sway angle ypq are solved, the rotation at the end P can be
computed from

1 3 L
GP 2—560 +EWPQ_E(FEMPQ_MPO) (1278)

Note that a condition associated with the prescribed moment at one end was utilized not only to
reduce the number of slope-deflection equations from two to one but also to eliminate the rotation at
that end from the modified slope-deflection equation (12.74) or (12.76). This positive feature is
useful, when applied to a discretized structure that contains members with the prescribed end
moment, to reduce the number of rotational degrees of freedom. Specifically, the rotations at nodes
where the bending moment are prescribed are not treated as primary unknowns and, as a result,
there is no need to set up moment equilibrium at those nodes.

For instance, the number of rotational degrees of freedom of the continuous beam shown in
Figure 12.25(a) can be reduced from 4 to 2 if the modified slope-deflection equation is utilized for
the members AB and CD. In particular, the rotations 65 and Op, are not treated as primary unknowns
and there is no need to establish moment equilibrium at nodes A and D. Similarly, if the modified
slope-deflection equation is utilized for the members BC, CD and DE, the number of rotational
degrees of freedom is reduced from 6 to 3. The rotations O¢r, Ocr and Og are not treated as primary
unknowns and there is no need to establish moment equilibrium at nodes C and E. Two examples
considered below clearly demonstrate the application of the modified slope-deflection equation for
a member with prescribed end moment.

Example 12.13 Use the slope-deflection method along with the modified slope-deflection equation
to resolve the continuous beam shown in Example 12.9 for the case of no support settlement.

qL 2qL q
ﬂ l l q:[éﬂ?\\/ N N N N N N N
AA .
B C
W S| | |
T 2 T oLe2 L L T

Solution For a given beam, the bending moment at a point C is known a priori, i.e. M¢c = 0. By
following the same discretization as that utilized in Example 12.9 (i.e. the discretized beam consists
of three nodes A, B, and C and two members AB and BC) along with using the modified slope-
deflection equation for the member BC, the number of rotational degrees of freedom reduces to 1
(i.e. Og) whereas the number of sway degrees of freedom is still 0. Therefore, the number of primary
unknowns is equalto 1 + 0 =1.

The end rotations, the sway angles, the fixed-end moments, and the slope-deflection
equations for the members AB and BC are shown below.
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Member AB The slope-deflection equations for this member are the same as those given in Example
12.9, i.e.

EID, , 25qL

M. = el2.13.1
A= 3 ( )
2EI0, 19qL’
My, =—28 -~ el2.13.2
BA L 32 ( )

Member BC For this member, Mco = 0, wgc = 0, FEMpc = qL%12, FEMcg = —qL*/12 and the
modified fixed-end moment at the end B is given by

a

2 2
FEMpc=FEM —%FEMCB +%M —ﬁ—l(—ﬁ}%m) =

T 2l 12

The modified slope-deflection equations become

3EI, 3EI . gL’ _3EI6, oL’

M,. =—0,——(0)+— el2.13.3
BC L BT L (0)+ 2 L 2 ( )

The rotation at the end C is given by

1 3 L ( qU 1 ql’
0. =—0. +=(0)———| -2 _0|=——0_+ el2.13.4
c=75% 50 4EI( ] 2" 48EI ( )

For this particular case, it is required to set up only one equilibrium equation associated with the
moment equilibrium at node B and this can be achieved as demonstrated below.

Moment equilibrium at node B

[ZMnodeB = O] = Mg, + Mg _qL2 =0

2 2
_ (2151913 19qL ]+[3EIOB +£j_qﬁ:0

L 32 L 8
_, SEI6, _47qL° (€12.13.5)
L 32
By solving equation (e12.13.5), it yields
EIOs _ 2938412 (€12.13.6)

The rotation at the end C can now be computed from (e12.13.4) and the result is given by

3 3 3 3
6o=—0,+ 95— Liooo3gqt ), b _ 413609
EI EI

: (e12.13.7)
2 U 48EI 2 EI

Now, the end moments of the member AB can be obtained by inserting the rotation g into
equations (el12.13.1) and (el12.13.2) and the moment at the end B of the member BC can be
obtained from equation (e12.13.3); the moment at the end C is already known a priori, i.e. Mcp =
Mo = 0. The end shear forces, support reactions, SFD and BMD can also be obtained in the same
fashion as those shown in Example 12.9.
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Example 12.14 Use the slope-deflection method along with the modified slope-deflection equation
to analyze a rigid frame subjected to external loads shown below. The flexural rigidity EI is
assumed to be constant throughout the structure.

R

G
\V2qL?

Jrl.SL I 1.5L\{ 24L + 24L I L + 2L +

Solution To minimize the number of primary unknowns, let us discretize the structure into three
members (i.e. members AC, CE and EG) with four nodes (i.e. nodes A, C, E and G) and. Based on
this discretization, the number of rotational degrees of freedom is equal to N, =4 +1 -1 =4 (i.e.
Ocr, Ocr, O and O¢) and the number of sway degrees of freedom is equal to Ny =2(4) -3 -3 =2;
thus, the number of primary unknowns is equal to 4 + 2 = 6. It is noted, however, that the bending
moment at the hinge C vanishes and the bending moment at point G is known a priori. Based on this
information, the modified slope-deflection equation can be applied to members AC, CE and EG
and, as a result, the number of rotational degrees of freedom can be reduced from 4 to 1 (i.e. only 6g
is treated as a rotational degree of freedom) and the number of primary unknowns can be reduced
from 6 to 3.

& 0]
1
WEE Ver
3.2L A
q
e D\/ ~ \Lar\'/ —/— g \
C <N
il qLy
2L ,,’ \
B e F \\
) e |
oL 24 \ Vig
v’ I \
7 Wac NG

+1.5L I 1.5L|’ 2.4L+ 2.4L I L + 2L +

Sway pattern I: 1% sway DOF

Sway patterns associated with the two independent sway degrees of freedom of the
discretized structure are sketched as shown in the figure below. The first sway pattern is associated
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with the side-sway of the frame without the movement of the point G. By choosing the horizontal
displacement at point C, denoted by A;, to represent the first sway degree of freedom, the sway
angles of all members for this sway mode can be obtained in terms of A; using the ICR concept as
demonstrated below. Since a point A is a fixed point, it is the ICR of the member AC. By using the
relation (12.68) along with the known ICR and known horizontal displacement at point C, the sway
angle of the member AC is equal to vy, . = —A;/4L (CW). Since a point G does not move for this
sway mode, it is therefore the ICR of the member EG. By using the fact that the movement of point
C is perpendicular to the member AC and the movement of point E is perpendicular to the member
EG, the location of the ICR of the member CE can readily be obtained from the intersection of the
line AC and the line EG, denoted by a point O. Again, by using the relation (12.68) along with the
known ICR and known horizontal displacement at point C, the sway angle of the member CE is
equal to i, =Ai/3.2L (CCW). Now, the horizontal displacement at point E can readily be obtained

from Agy = i, (3.2L) = A; (Rightward). Finally, by using the relation (12.68) along with the

known ICR and known horizontal displacement at point E, the sway angle of the member EG is
equal to i, =-A/4L.

q
I

— e ~ \L *L‘LE \VEG O

C D qL i
2L \VEE A2 \VEG

F

—$—  2qL==/B
2L
—— %% 2qL* AN

+ 1.5LJ| 1.5L !h 2.4L + 2.4L ih L ,lL 2L

Sway pattern II: 2" sway DOF

|

The second sway pattern is associated with the side-sway of the frame without the
movement of the point C. As a result of the difference of the displacements at point C, this sway
degree of freedom is obviously independent of the first sway mode. By choosing the vertical
displacement at point E, denoted by A,, to represent the second sway degree of freedom, the sway
angles of all members for this sway mode can be obtained in terms of A, by using the ICR concept.
Since the member AC does not move, its sway angle vanishes (i.e.y). = 0). Since a point C does

not move, it is the ICR of the member CE. By using the relation (12.68) along with the known ICR
and known vertical displacement at point E, the sway angle of the member CE is equal to vy, =—

A,/4.8L (CW). By using the fact that the movement of point E is perpendicular to the member CE
and the point G can only move in the horizontal direction due to the roller support, the location of
the ICR of the member EG can readily be obtained from the intersection of the line CE and the
vertical line emanating from the point G, denoted by a point O. Again, by using the relation (12.68)
along with the known ICR and known vertical displacement at point E, the sway angle of the
member EG is equal to ;. = A2/3L (CCW).

EG
The sway angles associated with each sway degree of freedom and the total sway angles of
the members AC, CE, and EG are summarized in the table below.
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Member Sway angle due to 1* Sway angle due to 2 Total sway angle
sway DOF sway DOF
AC —A/4AL 0 —A1/4L
CE A/3.2L —Ay/4.8L A1/3.2L — Ay/4.8L
EG —A/4AL A,/3L —A1/AL + AY/3L

The end rotations, the sway angles, the fixed-end moments, and the slope-deflection equations for
the members AC, CE and EG are shown below.

Member AC For this member, 05 =0, yac =-A/4L, Mo =0,

and the modified fixed-end moment at the end A is given by

1 1

— 1 1 3qL’
FEMc=FEM . = FEM, +—Mg, = qL? - E(—qL2 )+ 7=

2

The modified slope-deflection equations become

3EI, . 3EI
M, =>—(0)- | -
Ac = (0) =3 (

2 2
ijﬁqL _3EIA, | 3db (e12.14.1)

4L 2 202 2

The rotation at the end C is given by

1 3( A 5L 3A, 5qL°
0. =——(0)+=| - 2L |- == (—qI2-0)=_2L 1= el2.14.2
& 2() 2( 4Lj 4EI( a ) 8L  4EI ( )

Member CE For this member, ycg = A1/3.2L — Ay/4.8L, Mo =0,

2 3 4 2
FEMCE:w 4(1) _3 l) _ 3L
12 2 2 5

2 2 3 4 2
FEMEC:_M ol L) o[ L) (5[ L) [2_33aL
12 2 2 2 25

and the modified fixed-end moment at the end E is given by

I 2 2 2
FEMic=FEM,, -~ FEM, + ~ M, =—>oab _Lf3ab |, 1) Blab
2 2 25 20 5 ) 2 50

The modified slope-deflection equations become

2 2
3EL . 3EI( A A, j_gqu _SEIB, 25EIA, 25EIA, 8IqL (e12.14.3)

MEC= E - 2 + 2
4.8L 48L\3.2L 4.8L 50 8L 1281 1921 50

The rotation at the end C is given by

(e12.14.4)

1. 3( A A, ) 48L(3qL 1. 15A, 5A, 18qL°
Og =——=0; += - - 0 |=—=0, +— -2 _
27" 2\32L 48L) 4EI( 5 27" 32L 16L 25EI
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Member EG For this member, ygg = —A1/4L + Ay/3L, Mo = —2qL2,

FEM,, _(@hL)*(L) _ 4qL’ . FEM,, =_(qL)(L)22(2L) _2q
(3L)? 9 (3L) 9

and the modified fixed-end moment at the end E is given by

— 1 1 412 1( 2q12) 1 4qL?
FEM = FEM g ——FEMg; +—Mg, :T_E[_T +—(-2q17 ) =- 5

The modified slope-deflection equations become

M (e12.14.5)

3EL, 3EI( A LA j _4qL’ _3EI6, 3EIA, EIA, 4qL’
5L

BTSLP T SL 4L 3L) 9 sL 200 52 9
The rotation at the end G is given by

3
0, = Lo, + 3 A A} SLE 20 ) Lo 36 A, 200 (e12.14.6)
PRIY WP TIRETI) RVTeTi G PR TR TR T

Next, we set up three equilibrium equations, one associated with the moment equilibrium of node E
and the other two corresponding to equilibrium equations of the two sway modes. The first equation
is obtained as follows.

Moment equilibrium at node E

[ZMnodeE = 0] = MEC +MEG = 0
- [SEIBE _25EIA, 25EIA, 8lqU’ JJ{B»EIBE L3EIA,EIA, 4ql’ ] o

8L 12817 19217 50 5L 2017 517 9

49E10, 29EIA, 67EIA, 929qL* (e12.14.7)
40L  640L*  960L’ 450 o

The second equilibrium equation (associated with the first sway degree of freedom) is obtained by
applying the principle of virtual work along with the sway pattern I being chosen as the virtual
displacement. Results are shown below.

W, = (2qL) W) |(2L) = (2.4qL) |yt | (1.20) = (qL) [} | (2L) = —2qLA, /5
oW, =—(M,c + M, )\I’Lc — (Mg + Mg )\IIICE — (Mg + Mg )\V;EG
=M, +0)A, /4L - (0+M,)A, /3.2L+ (M., —2qL*)A, /4L
SW,, =8W,, = -2qLA,/5=M, (A, /4L)—M (A, /3.2L)+(M,, —2qL*)A, /4L
= M,./4-M. . /32+M,,/4=qL*/10
_29EI6, , 1393EIA, 1393EIA, 193qL*
640L  10240L>  15360L° 288

(e12.14.8)

The third equilibrium equation (associated with the second sway degree of freedom) is obtained by
applying the principle of virtual work along with the sway pattern II being chosen as the virtual
displacement. Results are shown below.

8W,,, = (2qL)|w!|(2L) + (2.4qL) | 3.6L) + (aL)|w |(2L) = 37qLa, /15

W, =-(M, +M, )\V (Mg + Mg )WCE — (Mg + Mg )W}EIG
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= (M, +0)(0)+(0+M_)A, /4.8L—(M,, —2qL*)A, /3L
SW,, =8W,

int

= 37qLA,/15=M, (A, /4.8L)—(M,, —2qL*)A, /3L

= M. /48-M,,/3=9qL"/5

2
_ 67EI6;  1393EIA, N 2161EIA, _ 4297qL (e12.14.9)

960L  15360L°  23040L° 2160

By solving a system of three linear equations (e12.14.7), (¢12.14.8) and (e12.14.9) simultaneously,
we obtain

EIO

= e =T.1100L° (12.14.10)
EIA

5t =42.513qL (e12.14.11)
EIA

= 67.606qL2 (e12.14.12)

The rotation at the hinge C (i.e. O¢cL and O¢r) and the rotation at the point G (i.e. 8g) can readily be
computed from (e12.14.2), (e12.14.4) and (e12.14.6), respectively, and results are given by

3 3

Y O

8L  4EI EI
3 3
eCRz_leE+15Al_5A2_18qL _ 54390
2 %7 32L 16L 25EI EI

3
o= Lo 38, A 20aL"

2 F 8L 2L 9EI

3
1 842%

Once all primary unknowns are solved, the end moments and end shear forces of all members, all
support reactions, and the AFD, SFD and BMD can readily be obtained.

12.7.2 Geometrically symmetric structures

Plane of symmetry

) : Plane of symmetry

- ; b 2El | 2EI

Li| |e i EI L E é -

_e_

A b —— oA
Ly | L | L, | L | T | L, |

| [ | | | |
(a) (b)

Figure 12.26 Schematic of geometrically symmetric structures with plane of symmetry passing
through: (a) joint and (b) mid-point of segment
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Another special type of structures that allows the reduction of the number of primary unknowns and
also the computational effort in the analysis by the slope-deflection method is the geometrically
symmetric structure. Structures belong to this class contain a plane, generally called a plane of
symmetry, such that the geometry of a structure on one side of this plane is an mirror image of that
on the other side. The geometry in this sense includes information such as structure configuration
(e.g. dimensions and orientations), flexural rigidity EI, and supports. Structures shown in Figure
12.26 are examples of geometrically symmetric structures; in particular, a plane of symmetry passes
through a joint in Figure 12.26(a) and passes through the mid-point of a segment in Figure 12.26(b).

Structures shown in Figure 12.27 seem to be geometrically symmetric; however, with
careful investigation, the supports at points A and E of the structure shown in Figure 12.27(a) are
different and the flexural rigidity of members AB and CD of the structure shown in Figure 12.27(b)
are different. As a result, both of these structures are not geometrically symmetric.

L, C
BE 3EI 3EI e B 2EI C
B D
L, EIl EI L EI 3EI
—— A 71;;7
7;;7 ‘ - 2 l .
Ls |  Ls | L, | Ip | TLj | L, |

[ [ [ ) | [
(a) (b)

Figure 12.27 Schematic of geometrically non-symmetric structures where (a) supports at points A
and E are different and (b) flexural rigidity of members AB and CD are different

12.7.2.1 Geometrically symmetric structure under symmetrical loadings

Now, let us focus on a geometrically symmetric structure subjected to a special set of applied loads
termed a set of symmetrical loadings. An applied load belongs to this set if and only if its mirror
image (with respect to the plane of symmetry of a structure) is also contained in this set. By letting
A be any point of a geometrically symmetric structure and A" be its image point (with respect to its
plane of symmetry), following three pairs of applied loads (one acting at point A and the other
acting at its image point A") are obviously symmetrical loadings: (i) a pair of identical forces
parallel to the plane of symmetry shown in Figure 12.28(a), (ii) a pair of equal and opposite forces
normal to the plane of symmetry shown in Figure 12.28(b), and (iii) a pair of equal and opposite
moments shown in Figure 12.28(c).

Plane of symmetry Plane of symmetry Plane of symmetry
p ' . :

(a) (b) (©)
Figure 12.28 Schematics of geometrically symmetric structure under pairs of symmetrical loads
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Other types of symmetrical loadings can generally be expressed as linear combinations of above
three fundamental pairs. For instance, a pair of inclined symmetrical forces shown in Figure
12.29(a) can be viewed as a combination of a pair of identical forces parallel to the plane of
symmetry and a pair of equal and opposite forces normal to the plane of symmetry; the distributed
load can be considered as a continuous combination of forces acting to a portion of the structure and
it is considered as the symmetrical loading if and only if there exists a continuous combination of
their mirror images acting to that structure as shown in Figures 12.29(b) and 12.29(c).

Plane of symmetry Plane of symmetry Plane of symmetry

(2) (b) (©)

Figure 12.29 Schematics of geometrically symmetric structure under other symmetrical loads

For convenience in further references, a geometrically symmetric structure subjected to a set
of symmetrical loadings is termed a Ssymmetric structure. This particular structure possesses several
features that can later be exploited to reduce the number of primary unknowns and computational
effort. For instance, the displacement and rotation at any point of this structure are symmetric in the
following sense: (i) a component parallel to the plane of symmetry of the displacement at a point A
and its image point A" are identical as shown in Figure 12.30(a), (i1) a component normal to the
plane of symmetry of the displacement at a point A and its image point A" are equal and opposite as
shown in Figure 12.30(b), and (iii) the rotation at a point A and its image point are equal and
opposite as shown in Figure 12.30(c). As a result of the symmetry feature of displacement and
rotation, side-sway of a discretized structure can only occur in a symmetric mode as shown in
Figure 12.31.

Plane of symmetry Plane of symmetry Plane of symmetry

(b)

Figure 12.30 Displacement and rotation of symmetric structure

Plane of symmetry Plane of symmetry Plane of symmetry
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Figure 12.31 Acceptable sway modes for symmetric structures
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The internal forces (i.e. the axial force, the bending moment, and the shear force) and all support
reactions also possess a symmetric characteristic in the same sense as the external applied forces
and moments discussed above. For instance, the axial force, shear force, and bending moment at
any point A and at its image point A" and components of support reactions for a symmetric
structure are indicated in Figures 12.32(a), 12.32(b), and 12.32(c), and Figure 12.33, respectively.

Plane of symmetry Plane of symmetry Plane of symmetry

/F F\
A ; A\:F
F

(2) (b) (©)

y4

Figure 12.32 Axial force, shear force and bending moment of symmetric structure

Plane of symmetry Plane of symmetry Plane of symmetry

X
M
(a) (b) (c)

Figure 12.33 Components of support reactions in symmetric structure

By using the symmetric characteristics of geometric properties, loading conditions and responses of
a symmetric structure, a large number of primary unknowns and the slope-deflection equations for
certain members can be disregarded in the analysis by the slope-deflection method.

For a discretized symmetric structure with its plane of symmetry passing through a node A
(see Figure 12.34(a) and Figure 12.35(a)), only a half of the structure (on either side of the plane of
symmetry), once the proper treatment of applied loads and movement constraint at node A is
considered, can be used in the analysis. From the symmetry, the node A can only move in the
direction parallel to the plane of symmetry and if there is no moment release at this node in the
original structure, its rotation must vanish (otherwise the rotation is allowed). To mimic such
behavior correctly in the reduced structure, the node A must be properly constrained. For instance,
the node A of the structure shown in Figure 12.34(a) must be constrained by a guide support in the
reduced structure shown in Figure 12.34(b) whereas the node A of the structure shown in Figure
12.35(a) must be constrained by a roller support in the reduced structure shown in Figure 12.35(b).
It is noted in addition that only a force in the direction parallel to the plane of symmetry can be
applied to the node A (in order to maintain its symmetry) and only a half of this force is applied to
the node A in the reduced structure. The reduced structures shown in Figures 12.34(b) and 12.35(b)
are now used as the representatives of the original structures shown in Figure 12.34(a) and 12.35(a).
It is obvious that the reduced structure contains approximately half of primary unknowns of the
original one. Once the reduced structure is analyzed, responses for the other half of the original
structure (e.g. end moments, end shear forces, end axial forces, displacements and rotations, support
reactions, AFD, SFD, BMD) can readily be obtained from the symmetry conditions.
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| 1P3/2

Plane of symmetry

P, )

(a) (b)

Figure 12.34 (a) Symmetric structure with its plane of symmetry passing through the node A (with
no moment release) and (b) equivalent reduced structure

Plane of symmetry

(a) (b)

Figure 12.35 (a) Symmetric structure with its plane of symmetry passing through the node A (with
moment release) and (b) equivalent reduced structure

For a discretized symmetric structure with its plane of symmetry passing through a center
line of a member (see Figure 12.36), the analysis by the slope-deflection method is still performed
on the entire structure but the number of primary unknowns and the corresponding equilibrium
equations can significantly be reduced from the symmetry conditions. Only primary unknowns and
slope-deflection equations associated with a half of the structure (on either side of the plane of
symmetry) are sufficient to be treated. For instance, the discretized frame (into members AB, BC
and CD) shown in Figure 12.36 originally contains three primary unknowns associated with
rotations at nodes B and C and one sway degree of freedom. By exploiting the symmetry, the sway
mode cannot occur and the rotations at nodes B and C are not independent but must satisfy the
relation O = —0c. As a result, the number of primary unknowns can be reduced from three to one;
only the rotation O can be chosen as a primary unknown. In addition, since the member CD is a
mirror image of the member AB, the end rotations, the sway angle and fixed-end moments are
directly related to those of the member AB from the symmetry. As a result, the slope-deflection
equations of the member CD can be obtained directly from those of the member AB if needed; in
general, there is no need to write the slope-deflection equations again for all image members. For
the member BC (a member where the plane of symmetry passing through its centerline), it is
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obviously symmetric (this implied that the sway angle vanishes and the end rotations are equal and
opposite) and the two slope-slope deflection equations simply reduces to (see more details in
subsection 12.5.3)

M,.=—M :EO
L

BC CB

+FEM (12.79)

B BC
It is obvious that the modified slope deflection equation (12.79) contains only one unknown rotation
05. The modified slope-deflection equation for the symmetric member along with the slope-
deflection equations for other members on a half of the structure are sufficient for forming a set of
equilibrium equations for determining all (independent) primary unknowns.

[}
B ! C
P i P
Plane of éymmetry I
A D

Figure 12.36 Schematic of symmetric structure with the plane of symmetry passing through the
centerline of member.

12.7.2.2 Geometrically symmetric structure under anti-symmetrical loadings

Next, let consider a geometrically symmetric structure subjected to a special set of applied loads
termed a set of anti-symmetrical loadings. An applied load belongs to this set if and only if its anti-
mirror image (with respect to the plane of symmetry of a structure) is also contained in this set. By
letting A be any point of a geometrically symmetric structure and A~ be its image point (with
respect to its plane of symmetry), following three pairs of applied loads (one acting at point A and
the other acting at its image point A") are anti-symmetrical loadings: (i) a pair of equal and opposite
forces parallel to the plane of symmetry shown in Figure 12.37(a), (ii) a pair of identical forces
normal to the plane of symmetry shown in Figure 12.37(b), and (iii) a pair of identical moments
shown in Figure 12.37(c).

Plane of symmetry Plane of symmetry Plane of symmetry

2 U

(a) (b) (c)
Figure 12.37 Schematics of geometrically symmetric structure under pairs of anti-symmetrical loads
Other types of anti-symmetrical loadings can be expressed as linear combinations of above three
fundamental pairs. For instance, a pair of inclined anti-symmetrical forces shown in Figure 12.37(a)

can be viewed as a combination of a pair of equal and opposite forces parallel to the plane of
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symmetry and a pair of identical forces normal to the plane of symmetry; the distributed load is
considered as the anti-symmetrical loading if and only if there exists a continuous combination of
their anti-mirror images acting to that structure as shown in Figures 12.38(b) and 12.38(c).

Plane of symmetry Plane of symmetry Plane of symmetry

(a) (b) (c)

Figure 12.38 Schematics of geometrically symmetric structure under other anti-symmetrical loads

For convenience in further references, a geometrically symmetric structure subjected to a set
of anti-symmetrical loadings is termed an anti-symmetric structure. This type of structures
possesses several characteristics that can be exploited to reduce the number of primary unknowns
and computational effort. For instance, the displacement and rotation at any point of this structure
are anti-symmetric in the following sense: (i) a component parallel to the plane of symmetry of the
displacement at a point A and its image point A are equal and opposite as shown in Figure
12.39(a), (i1) a component normal to the plane of symmetry of the displacement at a point A and its
image point A" are identical as shown in Figure 12.39(b), and (iii1) the rotation at a point A and its
image point are identical as shown in Figure 12.39(¢c). As a result of the anti-symmetry conditions
for the displacement and rotation, side-sway of a discretized structure can only occur in an anti-
symmetric mode as indicated in Figure 12.40.

Plane of symmetry Plane of symmetry

(b)

Figure 12.39 Displacement and rotation of anti-symmetric structure

Plane of symmetry Plane of slymmetry Plane of symmetry

Figure 12.40 Acceptable sway modes for anti-symmetric structures

The internal forces (i.e. the axial force, the bending moment, and the shear force) and all support
reactions also possess a anti-symmetric characteristic in the same sense as external applied forces
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and moments discussed above. For instance, the axial force, shear force, and bending moment at
any point A and at its image point A and components of support reactions for an anti-symmetric
structure are indicated in Figures 12.41(a), 12.41(b), and 12.41(c), and Figure 12.42, respectively.

Plane of symmetry Plane of symmetry Plane of symmetry

A;AX;

(2) (b) (©)

Figure 12.41 Axial force, shear force and bending moment of anti-symmetric structure

V4

Plane of symmetry Plane of symmetry Plane of symmetry

(a) (b) (c)
Figure 12.42 Components of support reactions in symmetric structure

By using the anti-symmetric characteristics of geometric properties, loading conditions and
responses of an anti-symmetric structure, a large number of primary unknowns and the slope-
deflection equations for certain members can also be disregarded in the analysis by the slope-
deflection method.

For a discretized anti-symmetric structure with its plane of symmetry passing through a node
A (see Figure 12.43(a)), only a half of the structure (on either side of the plane of symmetry), once
the proper treatment of applied loads and movement constraint at node A is considered, can be used
in the analysis. From the anti-symmetry behavior, the node A can only move in the direction normal
to the plane of symmetry and the bending moment at point A vanishes. To mimic such behavior
correctly in the reduced structure, the node A must be properly constrained. For instance, the node
A of the structure shown in Figure 12.43(a) must be constrained by a roller support in the reduced
structure shown in Figure 12.43(b). It should be noted in addition that only a force in the direction
normal to the plane of symmetry and a moment can be applied to the node A (a force parallel to the
plane of symmetry can be applied to the node A since it destroys the anti-symmetry feature) and
only a half of this force and moment is applied to the node A in the reduced structure. The reduced
structure shown in Figures 12.43(b) is now used as the representative of the original structures
shown in Figure 12.43(a). It is obvious that the reduced structure contains approximately half of
primary unknowns of the original one. Once the reduced structure is analyzed, responses for the
other half of the original structure (e.g. end moments, end shear forces, end axial forces,
displacements and rotations, support reactions, AFD, SFD, BMD) can readily be obtained from the
anti-symmetry conditions.

For a discretized symmetric structure with its plane of symmetry passing through a center
line of a member (see Figure 12.44), the analysis by the slope-deflection method is still performed
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on the entire structure similar to the case of symmetric structures but again the number of primary
unknowns and the corresponding equilibrium equations can significantly be reduced from the anti-
symmetry conditions. Only primary unknowns and slope-deflection equations associated with a half
of the structure (on either side of the plane of symmetry) are sufficient to be considered. For
instance, the discretized frame (into members AB, BC and CD) shown in Figure 12.44 originally
contains three primary unknowns associated with rotations at nodes B and C and one sway degree
of freedom. By exploiting the anti-symmetry conditions, the rotations at nodes B and C are not
independent but must satisfy the relation g = O¢. As a result, the number of primary unknowns can
be reduced from three to two; only the rotation O and the sway degree of freedom can be chosen as
primary unknowns. In addition, since the member CD is a mirror image of the member AB, the end
rotations, the sway angle and fixed-end moments are directly related to those of the member AB
from the anti-symmetry properties. As a result, the slope-deflection equations of the member CD
can be obtained directly from those of the member AB if needed; in general, there is no need to
write the slope-deflection equations again for all image members. For the member BC (a member
where the plane of symmetry passing through its centerline), it is obviously anti-symmetric (the end
rotations are identical) and the two slope-slope deflection equations simply reduces to (see more
details in subsection 12.5.4)

(b)
Figure 12.43 (a) Anti-symmetric structure with its plane of symmetry passing through the node A

and (b) equivalent reduced structure

iz . P
B ! C
Py i Py
Plane of éymmetry
D

Fl

Figure 12.44 Anti-schematic of symmetric structure with the plane of symmetry passing through the
centerline of member.

“M,, = %93 —%WBC +FEM,, (12.80)
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It is obvious that the modified slope deflection equation (12.80) contains only one unknown rotation
Op and the sway angle ygc. Again, the modified slope-deflection equation for the anti-symmetric
member along with the slope-deflection equations for other members on a half of the structure are
sufficient for forming a set of equilibrium equations for determining all (independent) primary
unknowns.

12.7.2.3 Geometrically symmetric structure under general loadings

Finally, we consider a geometrically symmetric structure subjected to a set of general loadings. It
can readily be verified that this structure can always be decomposed into two structures, one
subjected to a set of symmetrical loadings and the other subjected to a set of anti-symmetrical
loadings. Such decomposition can be achieved by using following fundamental results: (i) a
concentrated force parallel to the plane of symmetry acting at a point A can be decomposed into a
pair of symmetrical forces and a pair of anti-symmetrical forces, one acting at the point A and the
other acting at its image point A~ as shown in Figure 12.45; (ii) a concentrated force normal to the
plane of symmetry acting at a point A can be decomposed into a pair of symmetrical forces and a
pair of anti-symmetrical forces, one acting at the point A and the other acting at its image point A
as shown in Figure 12.46; and (iii) a concentrated moment acting at a point A can be decomposed
into a pair of symmetrical moments and a Eair of anti-symmetrical moments, one acting at the point
A and the other acting at its image point A as shown in Figure 12.47.

P/2 P/2 P/2 P/2

11 11

Plane of éymmetry

(a) (b) ‘ | (©)

Figure 12.45 Decomposition of concentrated force parallel to plane of symmetry into (b) a pair of
symmetrical forces and (c) a pair of anti-symmetrical forces

/2 P/2
/A A

Plane of éymmetry

A
Plane of s',ymmetry

A
Plane of symmetry

(a) | | (b) ©)

Figure 12.46 Decomposition of concentrated force normal to plane of symmetry into (b) a pair of
symmetrical forces and (c) a pair of anti-symmetrical forces

"- M2 (/A ! A M/2 ED:I M/2 (/A

Plane of symmetry Plane of s‘ymmetry

(a) (b) ‘ | ©)

Figure 12.47 Decomposition of concentrated moment into (b) a pair of symmetrical moments and
(c) a pair of anti-symmetrical moments

Copyright © 2011 J. Rungamornrat



FUNDAMENTAL STRUCTURAL ANALYSIS 606
Jaroon Rungamornrat Method of Slope-deflection Equations

Other types of loadings can also be decomposed into symmetric and anti-symmetric loadings by
employing above three results as a basis. For instance, by using the results (i) and (ii), a
concentrated force inclined to the plane of symmetry can be decomposed into a pair of inclined
symmetrical forces and a pair of inclined anti-symmetrical forces as shown in Figure 12.48. Also,
by treating the distributed force as a continuous distribution of concentrated forces, it can be
decomposed into a pair of symmetrical distributed forces and a pair of anti-symmetrical distributed
forces as shown in Figures 12.49 and 12.50.

Plane of symmetry Plane of symmetry Plane of symmetry

P/Z\ ¢

(2) (b)

Figure 12.48 Decomposition of concentrated force inclined to the plane of symmetry into (b) a pair
of symmetrical distributed forces and (c) a pair of anti-symmetrical distributed forces

Plane of symmetry Plane of symmetry Plane of symmetry

(2) (b) (©)

Figure 12.49 Decomposition of distributed force normal to the plane of symmetry into (b) a pair of
symmetrical distributed forces and (c) a pair of anti-symmetrical distributed forces

Plane of symmetry Plane of symmetry Plane of symmetry

(a) (b) (©)

Figure 12.50 Decomposition of distributed force parallel to the plane of symmetry into (b) a pair of
symmetrical distributed forces and (c) a pair of anti-symmetrical distributed forces

By exploiting above results, geometrically symmetric frames subjected to general loadings
as shown in Figures 12.51(a) and 12.52(a) can be decomposed into symmetric structures shown in
Figures 12.51(b) and 12.52(b) and anti-symmetric structures shown in Figures 12.51(c) and
12.52(c). Analysis of the symmetric and anti-symmetric structures by the slope-deflection method
follows procedures and guidelines described in subsections 12.7.2.1 and 12.7.2.2. From the
principle of superposition for linear structures, responses of the original structure can readily be
obtained by combining responses of the corresponding symmetric and anti-symmetric structures.
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Figure 12.51 Decomposition of geometrically symmetric structure under general loadings into (b)
symmetric structure and (c) anti-symmetric structure
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Figure 12.52 Decomposition of geometrically symmetric structure under general loadings into (b)
symmetric structure and (c) anti-symmetric structure
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Example 12.15 Use the slope-deflection method along with symmetric and anti-symmetric features
to analyze a frame subjected to external loads shown below. The flexural rigidity is clearly
indicated in the figure below.

' N W N W W

El C F

2EI

D

+ 1.5L I 1.5LJ| 2.5L + 2.5L I’ 1.5L+ 1.5L\i

Solution Since the overhanging segments EB and CF are statically determinate, they can be
eliminated from the original structure and then replaced by equivalent force and moment as shown
below. It is obvious that the resulting structure is geometrically symmetric and can therefore be
decomposed into symmetric and anti-symmetric structures as indicated below.
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Symmetric Structure: The structure is discretized into three members AB, BC and CD with four
nodes A, B, C, and D. Based on this discretization, the number of rotational degrees of freedom is
equal to N, =4 + 0 — 0 =4 (i.e. 04, 05, Oc and Og) and the number of sway degrees of freedom is
equal to Ny = 2(4) — 4 — 3 = 1; thus, the number of primary unknowns is equal to 4 + 1 = 5. Due to
the symmetry, the side-sway of this frame cannot occur for this set of symmetrical loadings (i.e. the
sway degree of freedom in known to be zero a priori) and, in addition, the rotations at four nodes
must satisfy 6, = —6p and O = —6¢. Therefore, the number of primary unknowns can be reduced
from 5 to 2; only the rotations 04 and 6p are independent primary unknowns. By noting that the
bending moment at node A vanishes, the modified slope-deflection (12.74) or (12.76) can be
applied to the member AB and the rotation 64 can further be eliminated from a set of primary
unknowns. In summary, by using the symmetry of the structure and loadings along with the
prescribed bending moment at node A, the number of primary unknowns is significantly reduced
from 5 to 1.

The modified slope-deflection equations for member AB (a member with prescribed
bending moment at one end) and member BC (a symmetric member) are given below.

Member AB For this member, Mo = 0, yap = 0, FEMapg = (qL)(4L)/8 = qL2/2, FEMgp = —
(qL)(4L)/8 = —qL*/2 and the modified fixed-end moment at the end B is given by

1 1 qgl’ 1{ql’) 1 3qL2
FEMBA:FEMBA_EFEMAB+EMAO:____(T _,_5(0):_ i

The modified slope-deflection equations become

2 2
M, = 3(2EI) 0, 3CED ) _3aL’ _ 6EI6, _3qL (e12.15.1)
5L 5L 4 5L 4
The rotation at the end A is given by
2 3
0, =— Lo +3@0)-—2L [ _o|__L 3L (e12.15.2)
2% 277 40ED| 2 2" 16EI

Member BC For this member, FEMpc = (q/2)(5L)2/ 12 = 25qL2/24 and the modified slope-deflection
equations become

_2ED, | 25qL° _ 2EI6,  25qL

M
B4 5L 24

(e12.15.3)

BC

A single equilibrium equation needed for solving the primary unknown 6p can readily be obtained
from moment equilibrium at node B as follows:

[EMnodeB = 0] = MBA +MBC _3qL2 /2 = 0

2 2 2
N [615193 3qL ]+(2EIGB | 25qL j_3qL 0

5L 4 5L 24 2
2
_, S8EI8, 295qL° (e12.15.4)
5L 24
By solving equation (e12.15.4), it yields
2
ElB, _ 145qL° (e12.15.5)

L 192
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The rotation at the end A is obtained from (¢12.15.2) as

(e12.15.6)

o —_lg _5ql _ 1(145qL°) 5qL° _ 265qL
A 2% 16BI 2| 192EI | 16EI 384EI

The end moments, end shear forces, end axial forces, and support reactions for the left half of the
structure can be obtained as follows:

Member AB
Free body diagram:
MBA
"75' F
B\\ BA L
VBA
2L
qL‘ F —o—
2L
( A
A N AB
FA

B + 3L i
End moments: Mag = 0 and

12151) = M., _ GEI0, _3ql _6(145qL* ) 3ql’ _ 5qL°
5L 4 5|0 192 4 32

End shear forces:
[ZMendB = 0] = V,;6L)-M,;-M,;, —qL2L)=0 = V,,; =69qL/160
[2  member AB = ] = V,,+Vs —qL(4/5)=0 = V,, =59qL /160

End axial forces:

I:ZFX, member AB O:I = FAB + FBA + qL(3 / 5) =0 (612157)
Member BC
Free body diagram:
q/2 Veg
MBCVB q\M
FBC_: B C r FCB
5L |

——

End moments:

2 2 2 2
(12.153) = M, _2EI8, _ 25qL _2(145qL j+25qL _ 43qL

5L 24 50 192 24 32

End shear forces:

[ZF, pemersc =0] = Vi + Ve —(@/2)(5L) =2V, —(@/ (L) =0 =V, =5qL/4
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Q,{FAB
M,, =0
RAX-OJA‘ Vg
l
I R,y

qL

R L\ .
M, \/B_ z_ BC
ol

Node A Node B
Node B: [3F, 5 =0] = —F (4/5)-Vy (3/5)~Voe—qL=0 = Fy, =—1977qL/640 ;
[ZF ogen =0] = —Fy (3/5)+V,,(4/5)~Fye =0 = Fy. =275qL/128

(el2.15.7) = F,, =-F,, —qL(3/5)=1593qL/640

Node A: R,, =F,,(3/5)-V,,(4/5)=147qL /128 Rightward ;
R,, =F,(4/5)+V,,(3/5)=9qL/4 Upward

By exploiting the symmetry, end moments, end shear forces, end axial forces and support reactions
for the right half of the structure can readily be obtained as follows:

Mp.=-M,; =0 ; M, =-M,, =-5qL*/32 ; Mg, =-M,.=-43qL* /32

Voo =V, =69qL /160 ; V., =V, =59qL/160 ; V., =V, =5qL/4

F,. =-F,, =—1593qL/640 ; F., =-F,, =1977qL/640 ; F., =-F,. =-275qL/128
R, =-R,,=-147qL/128 ; R,, =R,, =9qL/4

Anti-symmetric Structure: Again, the structure is discretized into three members AB, BC and CD
with four nodes A, B, C, and D and the number of primary unknowns is equal to 5. Due to the anti-
symmetry features, the side-sway of this frame is allowed and, in addition, rotations at four nodes
must satisfy 0, = Op and 0 = O¢. As a result, the number of primary unknowns can be reduced from
5 to 3; only the rotations 64 and 6p and one sway degree of freedom are independent primary
unknowns. By using a condition associated with the prescribed bending moment at node A, the
number of primary unknowns can further be reduced from 3 to 2; in particular, the rotation 65 can
be eliminated from a set of primary unknowns. The sway pattern associated with the sway degree of
freedom (the horizontal displacement at node B, denoted by A;) can be sketched as shown below.

I 1.5LJr1.5L|L 5L 11.5LJ| 151 |

Sway pattern
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By using the ICR concept, the sway angle of members on the left half of the structure can be
expressed in terms of the sway degree of freedom A; as follows. Since A and D are fixed points,
they are the ICR of members AB and BC, respectively. Using this information, it is known that the
movement of point B is perpendicular to the member AB and the movement of point C is
perpendicular to the member CD. As a result, the ICR of a member BC is the intersection of the line
AB and the line CD, denoted by a point O. By using the relation (12.68) along with the known ICR
and known horizontal displacement at point B, the sway angle of member AB and BC are obtained
as —A1/4L and 3A,/10L, respectively. The modified slope-deflection equations for member AB (a
member with prescribed bending moment at one end) and member BC (an anti-symmetric member)
are given below.

Member AB For this member, Mg = 0, wap = —A1/4L , FEMup = (qL)(4L)/8 = qL2/2, FEMgp = —
(qL)(4L)/8 = —qL*/2 and the modified fixed-end moment at the end B is given by

S | 1 q> 1(qr?) 1 3q12
FEMBA:FEMBA—EFEMAB'FEMAO:————(T +5(0):— 4

The modified slope-deflection equations become

(e12.15.8)

M. = 3QED . 3QED (_ A j_ 3qL° _ 6E10, | 3EIA, 3qL°
BA B 2
5L 5L\ 4L) 4 5L 10 4

The rotation at the end A is given by

2 3
0, =—10, +> _ﬁj_i Al gLy 34 _3dL (€12.15.9)
2 % 20 4L) 4@ED| 2 2% 8L 16EI

Member BC For this member, ygc = 3A;/10L and

FEM.. =—w(6(1)2—8[1)3+3(1]4J+W[4(1f—3(1]4J=—25qL2
12 2 2 2 12 2 2 64

The modified slope-deflection equations become

M, = (e12.15.10)

GBI, OEI ( 34, ]_ 25qL° _ 6EI0, 9EIA, 25qL’
SL * sL\10L) 64 SL 2517 64

The first equation associated with moment equilibrium at node B is obtained as follows:

[ZMnodeB = O] = MBA +MBC _3qL2 /2=0

0

6EIB, 3EIA, 3qL’) (6EIB, OEIA, 25qL°) 3qL?
+ - + - - - =
5L 102 4 5L 2517 64 2

12E16, 3EIA, _ 169qL* (e12.15.11)

5L 5017 64

The second equilibrium equation associated with the sway degree of freedom is obtained by using
the principle of virtual work along with the sway pattern being chosen as the virtual displacement:

W, =2{(qL) W s (2L) + (aL)|W s | BL) ~ (a/2)(5L/2) |y | (SL/4)} = 25qLA, /16
oW.

int

=2M,; + My W5 —CMpoWpe =M, A, /2L -3M A, /5L
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SW_, =8W.

int

= 25qLA, /16 =M,,A, /2L—3M,.A, /5L
= M,,/2-3M,./5=25qL>/16

2
_ 3EIf, N 183EIA, _ 109qL (e12.15.12)

25L 50017 64

By solving a system of linear equations (e12.15.11) and (e12.15.12), it yields
EI0,

=1.227q7

EIA, _ 5 05641

2

The rotation at the end A is obtained from (e12.15.9) as

8L

g 38 5qU _ 1 [1.227qL3J_ 3 (5.056qL4J_5qL3 _ 28220

0, =——0, —>—L S -
2 8L 16EI 2 EI EI 16EI EI

The end moments, end shear forces, end axial forces, and support reactions for the left half of the
structure can be obtained as follows:

Member AB
Free body diagram:

Mg,

50 4
Via

2L

2L

End moments: Mg = 0 and

6EI0, 3EIA, 3qL* 6 3 3qL?
el2.15.8) = M., = B 4 L_ =—(1.227qL* )+ —(5.056qL* | - —— = 2.239qL*
( ) BA 5L 1012 4 5( 4 ) 10( 4 ) 4 q

End shear forces:
[EM,5 =0] = V,,(5L)-M,, -M,, —qL(2L)=0 = V,, =0.848qL

I:ZF . member AB 0} = VAB + VBA —qL(4 / 5) =0 = VBA = —0048qL

Y.
End axial forces:

[ ZF

X, member AB

=0| = F,+F, +qL(3/5)=0 (e12.15.13)
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Member BC
Free body diagram:
MBCV BC q/2 CB M
A r‘\ o
BC S; AN AN A CB
q/2 C
5L/2 I 5L/2 Jr

End moments:

2

6EI0, O9EIA, 25qL° 6 9 25qL
el2.15.10) > M..= B _ L_ =—(1.227qL*)—-—=—(5.056qL* ) - =—— = —0.738qL*
( ) TS 25 64 5( ar’) 25( ar’) 64 a

End shear forces:

[EM 4c =0] = V4 (5L)—M,. —M, +(5qL/4)(15L/4) - (5qL/4)(5L/4) =0 = V,.=-0.920qL

<:/{FAB (ilj
M,;=0 v \ BC
S AN Y
I R,y F;,

Node A Node B

Node B: [3F, 5 =0] = —Fy(4/5) -V, (3/5)-Voe—ql=0 = F,, =-0.064qL ;
[ZF oaes =0] = —F 3/5) 4V (4/5)-Fpe =0 = Fpe =0

(e12.15.13) = F,, =-F,, —qL(3/5)=-0.536qL

Node A: R,, =F,,(3/5)-V,,(4/5)=—qL Leftward ;
R,, =F,(4/5)+V,,(3/5)=0.08qL Upward

By exploiting anti-symmetry conditions, end moments, end shear forces, end axial forces and
support reactions for the right half of the structure can readily be obtained as follows:

My =M,,=0; Mg, =M,, =2.239qL° ; M, =M, =-0.738qL’

V. =-V,, =—0.848qL ; V., =—V,, =0.048qL ; V., =—V,. =0.920qL

F,.=F,=-0536qL ; F., =F,, =—0.064qL ; F.,=F,. =0

Rpx =R,x=-qL ; Ry, =-R,, =-0.08qL

Now, responses of the original structure can be obtained by superposing those for symmetric and
anti-symmetric structures. Final results are given below:

M,; =0 ; My, =5qL*/32+2.239qL* =2.395qL° ; M. =43qL’ /32-0.738qL’ = 0.606qL" ;
M,y =—43qL° /32-0.738qL° = -2.082qL° ; M, =-5qL° /32+2.239qL% =2.083qL* ; M. =0 ;
V,; =69qL/160+0.848qL =1.279qL ; V,, =59qL/160-0.048qL = 0.321qL ;
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Voo =5qL/4-0.920qL =0.330qL ; V., =5qL/4+0.920qL =2.170qL ;
V., =59qL/160+0.048qL =0.417qL ; V,.=69qL/160—0.848qL =—-0.417qL ;

F,; =1593qL/640-0.536qL =1.953qL ; F;, =—-1977qL/640-0.064qL =-3.153qL ;
F,.=275qL/128+0=2.148qL ; F., =—-275qL/128+0=-2.148qL ;

F., =1977qL/640—0.064qL =3.025qL ; F,, =—1593qL/640—0.536qL =-3.025qL ;

R, =147qL/128 —qL = 0.148qL Rightward ; R,, =9qL/4+0.08qL =2.33qL Upward
R,, =-147qL/128—qL = -2.148qL Leftward ; R, =9qL/4-0.08qL =2.17qL Upward

Example 12.16 Use the slope-deflection method along with symmetric and anti-symmetric features
to analyze a frame subjected to external loads shown below. The flexural rigidity EI is assumed to
be constant throughout.

P
B PL
C
0.6L
0.5L
—¢— Pmmp
0.5L
L A E
0.8L + 0.8L

Solution Since the given structure is geometrically symmetric subjected to a set of general loadings,
it can be decomposed into symmetric and anti-symmetric structures shown below. Analysis of each
structure by the method of slope-deflection is demonstrated below.

Symmetric Structure Anti-symmetric Structure

Symmetric Structure: Since the structure is subjected to a set of symmetric loadings and the plane of
symmetry passes through the node, an equivalent half of the structure illustrated below can be used
in the analysis. By discretizing such reduced structure into two members AB and BC with three
nodes A, B, and C, the number of rotational degrees of freedom becomes N; =3 + 0 —1=2 (i.e. 04
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and Op) whereas the number of sway degrees of freedom is equal to Ny = 2(3) — 3 — 2 = 1.
Therefore, the number of primary unknowns is equal to 2 + 1 = 3. By noting that the bending
moment at node A is prescribed, the modified slope-deflection (12.74) or (12.76) can be applied to
the member AB and the number of primary unknowns can be reduced from 3 to 2 by eliminating
the rotation 04. The sway pattern associated with the sway degree of freedom (the horizontal
displacement at node B, denoted by A;) can be sketched as shown below.
lP/2
C

lP/2

A
|(_1| VBC

Symmetric Structure Reduced Structure Sway Pattern

The sway angle of members AB and BC can be expressed in terms of the sway degree of freedom
A; by using the ICR concept as follows. The ICR of the member AB is located at node A (since it is
a fixed point) whereas the ICR of the member BC is obtained from the intersection of the line AB
and the horizontal line emanating from the node C denoted by a point O (since nodes B and C are
allowed to move only in horizontal and vertical directions, respectively). By using the relation
(12.68) along with the known ICR and known horizontal displacement at node B in terms of A, the
sway angle of member AB and BC are obtained as A;/L and —5A,/3L, respectively. The modified
slope-deflection equation for the member AB (a member with prescribed bending moment at one
end) and standard slope-deflection equations for the member BC are given below.

Member AB For this member, Mpy = 0, WAB = A]/L, FEMag = (P/2)(L)/8 = PL/16, FEMgp = —
(P/2)(L)/8 = —PL/16 and the modified fixed-end moment at the end B is given by

S— 1 1 PL 1(PL) 1 3PL
FEMea=FEM,, —— FEM,, 4~ M, = ——— —~| = |4 2 (0) = - > —
o AT AR Ty a0 T g 2(16) 0=,

The modified slope-deflection equations become

(e12.16.1)

L ° L

M. _3ELg 3BI(A) 3PL _3EIG, 3EIA, 3PL
BA L 32 L L’ 32

The rotation at the end A is given by

2
0, =—Lo +3(A _L(E_ojz_lgB+&_£ (€12.16.2)
22\ L) 4k 16 275 "L T 64EI

Member BC For this member, 6c = 0, ygc = —5A1/3L, FEMpc = FEMcp = 0, and the slope-
deflection equations become

_2EI 6EI (_ 5A, j+ o 4E16, 10EIA,

MBC —T(293+0)—T L IE (612163)
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2EI 6EI( 5A 2EI6, 10EIA
M. =22(0. +0)———| =221 |1 0= B 4 ! el2.16.4
CB L(B )L(3Lj L L ( )
The moment equilibrium equation at node B is obtained as follows:
[EMnodeB = 0] = MBA +MBC =0
(3EIGB 3EIA, 3PLJ (4EIOB IOEIAIJ
- + +——— =0
L L 32 L L
7EI0, 7EIA, _3PL (12.16.5)

L L 32

The equilibrium equation associated with the sway degree of freedom is obtained by using the
principle of virtual work along with the sway pattern being chosen as the virtual displacement:

W, =—(P/2)|y 45| (L/2)+(P/2) |y |(0.8L) = 5PA, /12
SW.

int

=—(M g + My )W 5 —(Mye + M p)Wpe =—Mp, A /L+5(Mp. + M)A, /3L

SW_, =58W.

= SPA/12=-M,A, /L+5My.+M)A, /3L
= -M;, +5(My. +M;)/3=5PL/12

7E10, N 109EIA,  3IPL

el2.16.6
L 3 96 ( )

By solving a system of linear equations (e¢12.16.5) and (e12.16.6), we obtain

EI0, 5PL EIA, PL
=" and =—
L 896 15 128

The rotation at the node A is obtained from (e12.16.2) as

" 64EI  448EI

1, 37 PP 1 ( 5P ] 3 [ PL’ ] PL>  3PL?

0, =—0,+—- = +—

2 2L 64EI 2| 896EI | 2L\ 128EI

Next, the end moments, end shear forces, and end axial forces of members AB and BC can be
obtained from the slope-deflection equations (e12.16.1) and (e12.16.3)-(e12.16.4) and equilibrium
of both members and node B whereas reactions at the pinned support can be computed from
equilibrium at node A (see similar procedure in previous examples). Results obtained for the
reduced structure are identical to those of the left half of the symmetric structure and results for its
right half can readily be deduced from the symmetry conditions (e.g. Op = —04, 6c = —0p, Mpa =
—Mcp, Mpc = —Mcs, Rax = —Rpx, Ray = Rpy, etc.).

Anti-symmetric Structure: Since this structure is subjected to a set of anti-symmetric loadings and
the plane of symmetry passes through the node, an equivalent half of the structure illustrated below
can be used in the analysis. By discretizing such reduced structure into two members AB and BC
with three nodes A, B, and C, the number of rotational degrees of freedom becomes N;=3+0-0=
3 (i.e. 04, O and O¢) whereas the number of sway degrees of freedom is equal to Ny=2(3) -3 -2 =
1. Therefore, the number of primary unknowns is equal to 3 + 1 = 4. By further using the modified
slope-deflection equation for member AB and BC due to the prescribed bending moment at node A
and node C, the number of primary unknowns can be reduced from 4 to 2; the rotation 6 and ¢
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can be eliminated from a set of primary unknowns. The sway pattern associated with the sway

degree of freedom (the horizontal displacement at node B, denoted by A;) can be sketched as shown
below.

Anti-symmetric Structure Reduced Structure Sway Pattern

The sway angle of members AB and BC can be expressed in terms of the sway degree of freedom
A, by using the ICR concept as follows. The ICR of the member AB is located at node A (since it is
a fixed point) whereas the ICR of the member BC is located at infinity (since both nodes B and C
are allowed to move only in horizontal directions). By using the relation (12.68) along with the
known ICR and known horizontal displacement at node B in terms of A, the sway angle of member
AB and BC are obtained as —A,/L and 0, respectively. The modified slope-deflection equations for
the member AB (a member with prescribed bending moment at node A) and the member BC (a
member with prescribed bending moment at node C) are given below.

Member AB For this member, Mao = 0, wag = —Ay/L, FEMug = (P/2)(L)/8 = PL/16, FEMga = —
(P/2)(L)/8 = —PL/16 and the modified fixed-end moment at the end B is given by
1 1 PL 1 (PL 3PL

S— 1
FEMsa=FEM,, —~FEM,, +~M, = —— | -~ |4 = (0) = - >~
o AT AR Ty T T e ) 16) ,0="75;

The modified slope-deflection equations become

3EI . 3EI (_ A, j _3PL _3EI0, 3EIA, 3PL

M., =——0
A S L 32 L I’ 32

el2.16.7
3 ( )

The rotation at the end A is given by

2
0, ——Lo, +§(_£j_L(E_OJ=_leB 34, PL (€12.16.8)
22 2\ ) sE1 16 27" 2L 64EI

Member BC For this member, Mco = PL/2, ygc = 0, FEMpc = FEMcp = 0 and the modified fixed-
end moment at the end B is given by
1 1 1

. 1(PL) PL
FEMuc=FEM =~ FEMy +— M, = 0—5(0)+5(7j ==

The modified slope-deflection equations become

3EI, 3EI . PL_3EI6, PL

My, =28, -=—(0 e12.16.9
BA L B L ( )+ 4 L 4 ( )
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The rotation at the end C is given by

2
0 :——eB+—(0)——(0——]=—%eB+% (c12.16.10)

The moment equilibrium equation at node B is obtained as follows:

[ZMnodeB = 0] = MBA + MBC =0

(315193 | 3EIA, 3PL]+(3EIOB +E) 0

L L 32 L 4
6EI0,  3EIA, ~ SPL (e12.16.11)
L I’ 32

The equilibrium equation associated with the sway degree of freedom is obtained by using the
principle of virtual work along with the sway pattern being chosen as the virtual displacement:

W, =(P/2)|y,s|(L/2)=PA, /4
dW, =—(M, 5 + My W .5 — (M + Mgy =M, A, /L
OW,, =W,

. = PA,/4=M,A,/L = M,, =PL/4
3EI0, , 3EIA, _1IPL

el2.16.12
L L 32 ( )

By solving a system of linear equations (e12.16.11) and (e12.16.12), we obtain

E, __PL . EIA, 9PL

L 6 L 32
The rotations at nodes A and C are obtained from (e12.16.8) and (¢12.16.10) as

0 —-le 3A, P I( PL’) 3(9PL) PL*  17PL’
A 2" 2L 64E1 2\ 6EI) 2L\32EI| 64EI 48EI
1 PL? 1( PL*) PL? 5PL?
eA = —— B 4+ =] — + =
2 8EI 2| 6EI) S8EI 24EI

Next, the end moments, end shear forces, and end axial forces of members AB and BC can be
obtained from the slope-deflection equations (e12.16.7) and (e12.16.9) and equilibrium of both
members and node B whereas reactions at the pinned support can be computed from equilibrium at
node A. Results obtained for the reduced structure are identical to those of the left half of the anti-
symmetric structure and results for its right half can readily be deduced from the anti-symmetry
conditions (e.g. Op = GA, Oc = OB, Msga = Mcp, Mae = Mcg, Rax = Rpx, Ray = —Rpy, etc.).

Finally, responses of the original structure (e.g. rotations, end moments, end shear forces, end
axial forces, support reactions, AFD, SFD, BMD, etc.) can be obtained by superposing those for
symmetric and anti-symmetric structures.
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EXERCISES

Problem 1: Use either equations (12.17)-(12.8) or equations (12.24)-(12.25) to compute the fixed-
end moment of a member subjected to applied loads shown below.

1

—o— |¢emmT

S N N
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\i oy
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Problem 2: Use results from Table 12.1 along with the method of superposition (if needed) to

determine the fixed-end moments for members shown below.

3P

7 i |

A

JI\ L/3 ‘L L/3 ﬁL L/3

™~

-

~

v
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Problem 3: Use slope-deflection equations to determine the end rotations and/or end deflections of
single-span beams subjected to external loads shown below. The flexural rigidity of the member EI
is assumed to be constant throughout.

L lav
<=
oy

q
A\/ N N N ‘L N7 N ~N~ \/B ZPL/A

A . B
% L ¥ % L/3 4; L/3 43 L/3

<
<=

2PL/A

4

% L/3

—o— 00 =M<

W

-o—

L/3 43 L/3

«a
ya
AY
ya
Vi
\

A\/ N WV W

—
-
&R

J};g ZPLg;

b - B '

% L ¥ % L/3

Problem 4: Use the slope-deflection method to analyze the prismatic beam of flexural rigidity EI
and subjected to a uniformly distributed load q as shown below. The roller supports at B and C are
subjected to downward settlement equal to A,. Also compute all support reactions and draw SFD
and BMD.

_9—
c
o3

-“—
£
W

A

q

% N N N N N N N N \/

A EI B EI C EI DE
+ L + L + L

Problem 5: Use the slope-deflection method to analyze the beam subjected to external loads as
shown below. Also compute all support reactions and draw SFD and BMD.

q 2qL
9 ~N N N l z
A4A El B 2EI c EI DF
L JI" 2L |r L JI"
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Problem 6: Use the slope-deflection method to analyze frames subjected to external loads as shown
below. Also compute all support reactions and draw AFD, SFD and BMD.

h 4 4 4 A - A dh 4

B 2EI ty, 2EI D
C

El

>

—
—4
—4

EI

V2 EI J3EI

—— A
D Fl
| L2 | L2 | L | L2 |
[ | T ] [
2 L
qL” N /D
q
EI L JIlJlle
q C B
L/2
N N v’ N N C Y N EI EI
B 2EI 2qL 5 D
L
2EI 3EI 2FEI L
A A E
£ ¥ 77 b B
| L | L / L | L
T T [ |
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—— l’ < u ~

eshl

EI is constant throughout
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Problem 7: Use the slope-deflection method along with the symmetry and anti-symmetry features

of the structure to analyze geometrically symmetric frames subjected to external loads shown
below.
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